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Companion matrix

Definition
Given a monic polynomial

n

p(2) =po+p1z+peZ®+...+pp 12" +2

with the coefficients p; € R or C
the associated companion matrix C,, is defined as:

0 —Po
Cp = b —.p1
1 —Pn—1

The eigenvalues of the companion matrix coincide with the
zeros of the associated polynomial p(z), because

p(z) = det(z/ - Cp).
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Unitary plus rank one matrix

with

Cp

Vv

T

uT

H upper Hessenberg

U+uv” unitary plus rank one

10 - 0
_ o1 0

+1

0

0
o0 -~ 1 0

— (0,0,...,0,1)

- (_pO:F17_p17"'7_pn71)

Hence, computing the zeros of the polynomial p(z) is
equivalent to computing the eigenvalues of the upper
Hessenberg, unitary plus rank one matrix

Co=H=U+u".
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Working with Givens transformations
Representation
Fusion and shift-through operations
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Representation SRR
companion matrix

» Givens transformations are a powerful tool for working with Jonaro van Barel
structured matrices. e

» representation of sequences of Givens transformations by
a graphical scheme.

» example: the QR-factorization of a 6 x 6 Hessenberg
matrix
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matrices

5 4 3 2 1

A representation for the

QO0000Q
3
X X X X X X

unitary matrix

The figure corresponds to GsG; ... G1R. O

Rewriting the formula we have G}’...GEH = R. s
e . . mplicit QR-algorithm
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Working with Givens transformations

Fusion and shift-through operations
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Fusion operation

Lemma

Suppose two Givens transformations G, and G» are given.
Then we have that G, G, = Gs is again a Givens
transformation. We will call this the fusion of Givens
transformations.

The proof is trivial. In our graphical schemes, we will depict this
as follows:

o 1]
(2) LE) [: resulting in @ [: .
2 1 1
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Shift-through operation

Often Givens transformations of higher dimensions are
considered, i.e., the corresponding 2 x 2 Givens transformation
is embedded in the identity matrix of dimension n.

Lemma (Shift through lemma)

Suppose three 3 x 3 Givens transformations G, G» and G are
given, such that the Givens transformations Gy and Gs act on
the first two rows of a matrix, and G. acts on the second and
third row (when applied on the left to a matrix). .
Then there exist three Givens transformations Gy, Go and Gs
such that o
G1G2Gs = G1G2Gs,

where G, and Gs work on the second and third row and G,
works on the first two rows.

Proof: a 3 x 3 unitary matrix can be factorized in different ways.
Gives the possibility

» to interchange the order of Givens transformations and

» to obtain different patterns.
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Shift-through operation cigomvalues of 2
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Unitary plus rank one matrices
Structure under a QR-step
A representation for the unitary matrix
Representation of the unitary plus rank one matrix
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Structure under a QR-step cigenvalues of

companion matrix
The companion matrix Cp: Marc Van Barel

Joint work with Raf
Vandebril and Paul Van

Co=H=U+uv", (1)
with H Hessenberg, U unitary and u and v two vectors.
Given a shift u, perform a step of the QR-iteration onto the
matrix H:

The problem
H — lLlI = QR Companion matrix
r Working with Givens
H — RQ +y/ = QHHQ transformations
Representation
Applying the similarity transformation onto the terms of (1): G
l:l _ OH HO _ OH UO + OHUVHO :;iitrai‘r:\églus rank one
~ A~ H Structure under a QR-step
— U +uv 5 Cn:?:rrye::t‘::bn for the
. ~ ~ . A A Representation of the
with H Hessenberg, U unitary and (. = Q"u and ¥ = Q"'v two untay s ank onomar
vectors. m\":;; gle?-sal:?:mhm
Hence the unitary plus rank one structure of the Hessenberg st
matrix is preserved under a step of the QR-iteration. ot Gvers
Exploiting the structure leads to an efficient implicit Numerica
OR'methOd. E::;:ments
Comparison
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Unitary plus rank one matrices

A representation for the unitary matrix
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A representation for the unitary matrix e
companion matrix
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A representation for the unitary matrix SRR
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T XK ox o ox ox X ) y
M X X x x x ANMase
® ® ® K x x ?
By a single Givens transformation acting on row five and six, e
three elements are annihilated. Working with Givens
The elements to be annihilated are marked with ®. {eneformanons
o « « « % > « ::;uzi:;r;i ::Sd shift-through
(2} X X X X X X Unitary plus rank
0 & X >< X >< X ml;!llral:;gsp us rank one
o X X x x x X repenenton o e
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A representation for the unitary matrix e
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A representation for the unitary matrix

& XX X
XX X X
X X X X X
X X X X X X
X X X X X X

I:: K
| 2 1
ivens transformation on rows three and four.

Q0000Q
X X X X X X

0]

Apply a third

X X X X

[: X

QO0000Q

X X X X X
X X X X X X
X X X X X X
X X X X X X

EE
3 2 1

= the low rank part is completely removed
= The matrix remaining on the right side is now a generalized
Hessenberg matrix having two subdiagonals.
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| 3 2 1 The problem
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Representation
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A representation for the unitary matrix

0
o
° C o C
o
)

3

& X

® X X
R X X X
® X X X X

o b Cy

|7 6 5 4 3 2 1

In the final step the remaining subdiagonal from the matrix on
the right is removed.

(D X X X X X
X X X X X X

; :
0 zﬁﬁﬁz KKE: ’
ol : :

(6]
|12 11 10 9 8 7 6 5 4 3 2 1

In fact we have computed now a QR-factorization of the unitary
matrix U = QR consisting of three sequences of Givens
transformations.
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A representation for the unitary matrix SRR
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| 9 8 7 6 5 4 3 2 1 The problem
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We have factored the unitary matrix U as the product of three w ’
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Representation

U = VWX Fusion and shift-through

operations

W|th Unitary plus rank one
matrices

» |/ denoting the sequence from 9 1o 7, Shucture undor a QR siop

A representation for the

» W the lower sequence from 6 to 3 and ity s

Representation of the

» X the upper sequence from 5 to 1. g U ot
This representation of the unitary matrix will be used in the Implicit QF-algorithm

with single shift

S u m Initialization
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transformation
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Unitary plus rank one matrices

Representation of the unitary plus rank one matrix
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A representation for the unitary plus rank one

matrix

relation between the low rank part in U and uv’!
= we can decompose the vector u:

C

000000
CoOX X X

‘ C

9 8 7

Givens transformations in position 9, 8 and 7 are equal to V.
Hence,

U+uv’
VWX +uv’
Vv (WX+ vHuvH)

. v(wx+ﬁvH),

H

where the vector (i has only the first three elements different
from zero.
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Determining the first Givens transformation

The implicit QR-step performed on a Hessenberg matrix is
determined by the first Givens transformation Gy such that

Gl/(H —plyes = £[|(H—ul)eq|e;.

We will now perform the similarity transformation GfHGh
exploiting the factorization of the matrix H.

H =V (WX+avH). (3)

= a bulge is created. After a complete QR-step is finished:
» bulge is chased away
» we obtain again a Hessenberg matrix
» represented as in (3).
Hence, throughout the entire procedure we want the
representation to remain as closely as possible to the original
representation of H.
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Performing the first similarity transformation SRR

companion matrix

Let us perform the first similarity transformation onto the matrix e Ven Barel
H= HO - VO (WOXO + GOVIO_I) . We obtain Vandebrg::r::aulvan
Hy = GMv, (Wox0 +a0vg) Gy

= Gf’ VO (W()Xo G1 + ﬁOVSIG_I )
= Gq_l Vo (W()Xo G1 + l’,\lovq_l) . The problem

Companion matrix

Working wlt‘h Givens
Since the Givens transformation Gf’ acts on the first two rows, {eneformanons
and V; acts on the rows 3 up to 6, they commute and we Fusionand i rough
0bta|n the fO||0W|ng: Unitary plus rank one
matrices
Hi = VoG WoXoGr+ Gllaov]) i
unitary matrix

~ Representation of the
== VO (G%LI WO XO G1 + U1 V!I-I) 5 unitary plus :'ank one matrix
Implicit QR-algorithm
with single shift

with Uiy = G{’ug, having only the first three elements different ianation
from zero. [re——

The last Givens

It seems that the matrix H; is already in the good form, except e

for the unitary matrix G}’ W, X, G;. Let us see how to change e
this matrix. Scaing

Comparison
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Representation
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operations
We will start by removing the Givens transformation in position Unitary plus rank one
10. Reordering (moving the Givens from position 5 to position Sincies undr G ep
. . . . . representation for the
8) permits the application of the shift through operation. ey e
lepresentation of the

unitary plus rank one matrix

>E m )E Implicit QR-algorithm
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Performing the first similarity transformation SRR
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Rewriting.

0000

(1]
(2]
(3]
(4]
(5]
(6)

C C

C C

0

|10 9 8 7 6 5 4 3 2 1
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Performing the first similarity transformation
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Apply the shift through operation.
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Clearly the undesired Givens transformation moves down,
creating a new sequence, starting in positions 10 and 9 and
removing the sequence in positions 3 up to 1.

000000
<31
3

Computing the
eigenvalues of a
companion matrix

Marc Van Barel
Joint work with Raf
Vandebril and Paul Van
Dooren

The problem
Companion matrix

Working with Givens
transformations
Representation
Fusion and shift-through
operations
Unitary plus rank one
matrices
Structure under a QA-step

A representation for the
unitary matrix

Representation of the
unitary plus rank one matrix

Implicit QR-algorithm
with single shift
Initialization
The chasing

The last Givens
transformation

Numerical
Experiments
Scaling
Comparison
34/64



Performing the first similarity transformation
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This corresponds to the following relations:

Hy = VO(W1)"(1G1+G1V1H),

the unitary matrices /; and X; are two descending
sequences of transformations.

Let us continue, by trying to remove also the second undesired
Givens transformation, the one in position 0.
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Performing the first similarity transformation SRR
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Performing the first similarity transformation
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Now there is an unwanted transformation in position 10.
Denote this transformation with G;. In formulas we obtain now:

P0000Q
=

H = V (é1 Wi X +ﬁ1v4“’).
This gives us the following relations:
Hi = VoGr (WaXy +Gllanvy).
= VoG (v%x1 +ﬁ1v44),
Two terms are of importance here: V0é1 and éﬁm. Clearly

the vector U4, will loose one of his zeros. The vector will have
now four nonzero elements.
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Performing the first similarity transformation

We are however not yet satisfied. We want to obtain a similar
factorization as of the original matrix H. Hence, the four
nonzero elements in the vector u; need to be transformed into
three nonzero elements.

To do so, we need to rewrite

Hy = \71 (W1X1 +l_J1V4_I> .
(1
olr o
ol L : C :
6 ¢ ;

87 6 5 4 3 2 10

Denote theAGivesz transformation in position 8, with G, this
means G' W/ = W, we will drag this Givens transformation out
of the brackets on the left. We denote all changed variables
with -/ to clearly indicate that one extra Givens has moved to
the left. Until we will move the Givens back inside the brackets
we will indicate this on the affected elements.
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Performing the first similarity transformation

72 (W1X1 +ﬁ1v44)

Vi (6'Wix +anvy)
G (Wixi+c" )
V! (W{x1 +GM’)

in which G, — u} still has four elements different from zero,
the matrix V] is now a sequence having one more Givens
transformation than ;. Graphically /; W = V/ W/ is depicted

as follows.

P0000Q

C

P0000Q
3
3

C C

|7 6 5[4 3 2 1

[7 6 5 4[3 2 1

The vertical line depicts the splitting of the product of the

Givens transformations.
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Performing the first similarity transformation

Construct now a Givens transformation acting on row 3 and 4
of the vector i1} and annihilating the element in position 4.

Let us denote this Givens transformation by G‘1 such that
Giul = a].
Hy = \71I (W1IX1 + G1 Gfﬁﬁvf’)
= \71l <G1 éfl W{X1 + é1 ﬁq Vq_l)
= \N/1IG1 (Gfl W{X1 +ﬁ4v4">
Let us take a closer look now at G?’ W{. Applying one fusion,
removes the Givens transformation in position 4.

(1]
(2]

(3]
ot [ S B
(5]
6 C C
|4 3 2 1 |3 2 1
This results in a sequence of Givens transformations denoted
as GJ/W, = w/.
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Performing the first similarity transformation SRR
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Performing the first similarity transformation

Plugging all of this into the equations above gives us:
H = GuV! (W{)q +ﬁ4v1H> .

Rewriting now the formula above by bringing the Givens
transformation G| in position 1 of the matrix V] inside the

brackets does not change the formulas significantly. We obtain:

Hy = G2 Vi (W1X1 +ﬂ1vf’>

with V4 = V{é#’, W, = é1 W1l, i = é1ﬁq

The matrix H; is almost in Hessenberg form, except for a bulge
in position (2,1).

The representation is also almost in the correct form, only the
Givens transformation G, is undesired.

We will remove this transformation (removing thereby also the
bulge in Hy), by applying another similarity transformation with
Go.
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- Computing the
ChﬁSlng eigenvalues of a
companion matrix

Since we want our matrix H to become again of unitary plus Jare Van Barel
low rank form obeing the designed representation, we want to Vandebrl and Paul Ven

remove the disturbance G,. Performing the unitary similarity
transformation with this Givens transformation removes the
transformation in the left, but creates an extra transformation
on the right. We obtain the following: N
e problem
H2 _ Gg H1 GZ Companion matrix

Working with Givens

= Gg Go V4 (W1 Xi + U4 V#’) Go transformations

Representation
~ H Fusion_ and shift-through
= Vi (WX G+ v]Gy)
Unitary plus rank one
A~ H matrices
= VW ( Wi X1 Go + U4 Vs |, Structure under a QR-step
A representation for the
unitary matrix
Representation of the
Where vf2-l _ v{]—l GZ . unitary plus rank one matrix
Implicit QR-algorithm

Similarly as in the initial step we can drag G, through W; and with single shift
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This gives us

Hs vy (W1 X Gz+ﬁ1v§’),
Vi (éz W2x2+a1v5’) 7

- VG <W2X2+ égaw'g) .

Since the Givens transformation ég’ acts on row 4 and row 5,
Ggm = U4 (G4 has only the first three elements different from

zero). Applying a final shift through operation for V4 G, we
obtain Gz Vo = V4 Go giving us (with (o> = 04):

Ho = GV (szg +ﬁgv';) .

We have performed now a step of the chasing method since
the Givens transformation G3 has shifted down one position
w.r.t. the Givens transformation Go.

The chasing procedure can be continued in a straightforward
manner.

Unfortunately this approach does not allow us to determine the
last Givens transformation G,,_1.
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Implicit QR-algorithm with single shift

The last Givens transformation
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Last Givens transformation

Suppose we have performed step n— 3 and we have the
following situation:

Hp3 = Gp2oVps (Wn—SXn—S + ﬁn—Svg_s) .

Performing the similarity transformation determined by G, _»
results in

Hn72 - Vn73 (Wn73Xn73 C';n72 =+ l?|n73"/1;173 C';nf2)
= Vp3 (Wn—SXn—S Gp2+ ﬁn—ZV,I;I_z) .

The Givens transformation G,,_» works on rows n—2 and
n—1.
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Last Givens transformation

Hpo2 = Vp3 (ansxn—3 Gno+ ﬁn72vrl;l—2) .

:
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Applying once the shift through operation.
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Unfortunately we cannot shift the Givens transformation
through anymore, a single fusion can be applied:

Hp2 = Vpo (Wn72Xn72 + l’:|r172vﬁ72> .

00000Q
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Explicit determination of last Givens

Hn72 - Vn72 (Wn72Xn72 + lt|n72"ﬁ72> .

The representation is of the desired form, but it represents a
Hessenberg matrix with an extra bulge in position (n,n—1).
This final Givens transformation can hence not be determined
implicitly anymore. We determine this Givens transformation
explicitly by computing the matrix vector product H, -e, 1,
determine now G, i such thate//G/ |H, -e, 1 =0.

The final similarity transformation results in:

Hn71 - Gr";lq Vn72 (Wn72Xn72 Gn71 + l?|r772vll:;{72 Gn71> .

Applying a fusion for the product G/ | V,, » and a fusion for
the product X, 2 G, 1 results in

Hpov = Vi (Wn71Xn71 +ﬂn,1Vﬁ71>,

which is a new Hessenberg matrix, i.e., a sum of a unitary and
a rank one matrix, represented using the desired
representation.
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Numerical Experiments
Scaling
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Scaling / balancing

» For a general square matrix A one can use a diagonal
similarity transformation

det(L/ — A) = det(A/ — DAD™")

with D a suitable diagonal matrix.
In general this will destroy the unitary plus rank one
structure of the companion matrix C.

» The zeros of the monic polynomial p(z) are o times the

zeros of the monic polynomial p(2) = 2% je.,

det(A/ — Cp) = det(Al — DC,D~) = det(Al — aCp)

with D = diag(1, a0, ...,a ).
» The choice of a good value for the scaling parameter o is
very important.
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Methods considered

vV V. v v VY

method eig from Matlab

method eig-nobalancing from Matlab

method Bini et al.: compgr.m (website of Gemignani)
method Delvaux et al.

method talk but implemented with double shift (real

arithmetic)

Computing the
eigenvalues of a
companion matrix

Marc Van Barel
Joint work with Raf
Vandebril and Paul Van
Dooren

The problem
Companion matrix

Working with Givens
transformations
Representation
Fusion and shift-through
operations
Unitary plus rank one
matrices
Structure under a QA-step

A representation for the
unitary matrix

Representation of the
unitary plus rank one matrix

Implicit QR-algorithm
with single shift
Initialization
The chasing

The last Givens
transformation

Numerical
Experiments
Scaling
Comparison
56 /64



» maximum relative backward error on the coefficients of the
corresponding polynomial

max \bi — pil
i il

where the coefficients are computed in high precision
based on the zeros

» average number of iterations per eigenvalue

» check the O(n?) complexity
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Results: iterations / eigenvalue
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Figure: average number of iterations per eigenvalue (5 samples)
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Results: relative backward error
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Figure: average number of maximum relative backward error on the
coefficients (5 samples)
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Results: relative backward error

coefficients are the same as before except their sign is
randomly chosen
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Figure: average number of maximum relative backward error on the
coefficients (5 samples)
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Results: influence of scaling

Polynomials of degree n=20:

1.

o M0 Db

Wilkinson polynomial with roots: k with k=1,...,n
Monic polynomial with roots: [-2.1:0.2:1.7].
Monic polynomial with roots: 2% with k = —10 ey 9.
Scaled Wilkinson polynomial with roots: W|th k=1,.
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Results: relative backward error
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Figure: maximum relative backward error on the coefficients (for the
optimal choice of the scaling parameter o); the scaling parameter is

chosen as a power of 2
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Results: relative backward error, influence of ioenvalucs of
scal i ng companion matrix
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