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o {An}’ An < Mdn(C), dn < dn—|—11
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Distribution in the sense of the eigenvalues

o {An}’ An < Mdn(C), dn < dn+11
® 0 measurable functionon K ¢ Ct, ¢t > 1,

Cortona. Sentember 2008 — p. 3/26



Distribution in the sense of the eigenvalues

® 0 measurable functionon K ¢ Ct, ¢t > 1,
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Distribution in the sense of the eigenvalues

6 measurable functionon K ¢ Ct, ¢+ > 1,
0 < pu{K} < oo, u{-} Lebesgue measure,

o o o o

F € C.(C) (continuous functions with bounded support),
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Distribution in the sense of the eigenvalues

{A,}, An € My (C), dy, < dpy1,

9 measurable function on K c C?, t > 1,

0 < pu{K} < oo, u{-} Lebesgue measure,

F € C.(C) (continuous functions with bounded support),

SA(F, An) = 4= 3291 FI\j(An)].

© o o o ©
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Distribution in the sense of the eigenvalues

{A,}, An € My (C), dy, < dpy1,

9 measurable function on K c C?, t > 1,

0 < pu{K} < oo, u{-} Lebesgue measure,

F € C.(C) (continuous functions with bounded support),

SA(F, An) = 4= 3291 FI\j(An)].

Definition. The matrix sequence { A, } Is distributed in the
sense of the eigenvalues as the function # on the set K (in
symbols {A,, } ~, (6, K)) If

© o o o ©

lim Xy (F, Ay) M{K}/ ds, VF €(C.(C).

n—aoo
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® fe Ll(—ﬂ',ﬂ'),
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® a; Fourier coefficients of f:
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Toeplitz matrices

® fe Ll(—ﬂ',ﬂ'),
® a; Fourier coefficients of f:
1 [" 2

aj = 5 . (s)e™Yds, Y= —1, j €.
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Toeplitz matrices

". fELl(_ﬂ-77T)1
® a; Fourier coefficients of f:

1 [ .
aj = 5 . (s)e”**ds, i =—1, j € Z.

The Toeplitz matrix 7,,( f) Is defined In this way

/ ap -1 - A_(p—2) a'—(n—l)\

a,l . " " . a,_(n_Q)

Tn(f) —

a/n_2 [ ] . [ ] . [ . a_l
Ap—1 Ap—2 *** ai ao
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". fELl(_ﬂ-77T)1
® a; Fourier coefficients of f:

1 [ .
aj = 5 . (s)e”**ds, i =—1, j € Z.

The Toeplitz matrix 7,,( f) Is defined In this way

/ ap -1 - A_(p—2) a'—(n—l)\

a,l . " " . a,_(n_Q)
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Toeplitz matrices

". fELl(_ﬂ-77T)1
® a; Fourier coefficients of f:

1 [ .
aj = 5 . (s)e”**ds, i =—1, j € Z.

The Toeplitz matrix 7,,( f) Is defined In this way
Tn(f) — [ar—k]:},kzl )

f 1s known as a symbol or generating function of 7;,( f).
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Toeplitz matrices

'. fELl(_ﬂ-77T)1
® a; Fourier coefficients of f:

1T N
aj = — f(s)e **ds, i =—1, j € Z.
21 J_ .

The Toeplitz matrix 7,,( f) Is defined In this way
Tn(f) — [ar—k]:},kzl )

f 1s known as a symbol or generating function of 7;,( f).

If fIs real valued function then the matrix 7,,(f) IS
Hermitian, I.e. a; = a_;.
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Theorem. Let f be a real valued integrable function over
Q = |—n,m), If{T,(f)} Is the sequence of Toeplitz matrices

generated by f, then it holds
{Tu(f)} ~a (. Q).
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Theorem. Let f be a real valued integrable function over
Q = |—m, ), If{T,(f)} Is the sequence of Toeplitz matrices
generated by f, then it holds

{Tn(f)} ~x (f, Q).

f real valued function = T,,(f) Hermitian matrix.

Cortona. Sentember 2008 — p. 9/26



UDIo
S O,

Theorem of Szeg0, Tyrtyshnikov, Zamarashkin and Tilli

&
. g‘i\NB

Theorem. Let f be a real valued integrable function over
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Theorem. Let f be a real valued integrable function over
Q = |—m,n), If{T,(f)} Is the sequence of Toeplitz matrices
generated by f, then it holds
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Theorem. Let f be a real valued integrable function over
Q = |—m,n), If{T,(f)} Is the sequence of Toeplitz matrices
generated by f, then it holds

{Tn(f)} ~x (f, Q).

f real valued function = T,,(f) Hermitian matrix.

Tools for approximation:
# definition of approximating class of sequences;
#® main theorem of distribution;
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Tools for approximation: a.c.s.

Definition. Let {A,} a given sequence of matrices,

A, € Mdn((C), d, < dn_|_1.

{{Bn.m}}m, m € NIs an approximating class of sequences
(a.c.s.) for {A,} If

An=Bpm+ Rom + Nom, Yn>ngy, Vm e N,

Rank(Ry, m) < dpe(m), [ Npm|l < w(m),

where n,, > 0,c¢(m) and w(m) are functions that depend
only on m and

lim w(m) =0, lim ¢(m) = 0.
m—a00 m—ao0
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn ((C), d, < dn_|_1.
Under the following assumptions:
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn ((C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}m, meN, B, ,, Hermitian, a.c.s. for {A,},

{{Bn’m}}m a.c.s. . {An}

assumption 1
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}m, meN, B, ,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

{{anm}}m a.c.S. S {An}

assumption 1

~A \[ assumption 2
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}m, meN, B, ,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

{{Bn’m}}m a.c.S. S {An}

assumption 1

~A J/assumption 2

in measure
{ frn}m > f

m — &0

assumption 3
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}m, meN, B, ,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

{{Bn’m}}m a.c.S. S {An}

assumption 1

~ J/assumption 2 thesisl ~ A\

in measure
{fm}m . f

m — &0

assumption 3
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Theorem. Let {B,} and {E, } be two matrix sequences
(Bn, E, € Mdn ((C), d, < dn_|_1), If
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Result of Golinskii and Serra-Capizzano

Theorem. Let {B,} and {E, } be two matrix sequences
(Bn, E, € Mdn ((C), d, < dn_|_1), If

® B, are Hermitian and A,, = B,, + E,,,
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Result of Golinskii and Serra-Capizzano

Theorem. Let {B,} and {E, } be two matrix sequences
(Bn, B € My (C), dn < dpt1), If

® B, are Hermitian and A,, = B,, + E,,,
® {Bn} ~x(0,G),
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Result of Golinskii and Serra-Capizzano

Theorem. Let {B,} and {E, } be two matrix sequences
(Bn, B € My (C), dn < dpt1), If

® B, are Hermitian and A,, = B,, + E,,,
® {Bn} ~x(0,G),

—~

® supy, || Ball = C,  supy, [|En|| =
C, C constants independent of n,
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Theorem. Let {B,} and {E, } be two matrix sequences
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Result of Golinskii and Serra-Capizzano

Theorem. Let {B,} and {E, } be two matrix sequences
(Bn, B € My (C), dn < dpt1), If

® B, are Hermitian and A,, = B,, + E,,,
® {Bn} ~x(0,G),

—~

® supy, || Ball = C,  supy, [|En|| =
C, C constants independent of n,

® ||Enlr = oldn), n — oo,

then @ is real valued and {A,,} ~, (¢,G).
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), dy, < dn_|_1.
Under the following assumptions:

® {{Bym}t}tm, meN, B, ,,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

® i m ,
UWnmbbm — e 1]
~ lassumption 2 thesisl ~A
{Fondon inmeasure f

m — o0

assumption 3
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Theorem. Let {A,} be a sequence of Hermitian matrices,
An - Mdn(C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}tm, meN, By, ,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

< me]ﬂ
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Theorem. Let {A,} be a sequence of Hermitian matrices,
An - Mdn(C), d, < dn_|_1.
Under the following assumptions:

® {{Bym}t}tm, meN, By, ,, Hermitian, a.c.s. for {A,},
® {Bym} ~\ (fm, K), fm real valued function,

£ meJLE
m—00

~

® sup,,sup, ||[Bum|=C,  C,C constants,
SUp,,, SUp,, || Enml| = C, where E,, ., = Ay, — Bum,
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), dy, < dn_|_1.
Under the following assumptions:

® {{Bym}tm, meN, B, Hermitian, a.c.s. for {A,},
® {Bum} ~x (fm, K), fm real valued function,

< me]ﬂ

m—00
® sup,,sup, |Bam||=C,  C,C constants,
SUp,,, SUp,, || Enml| = C, where E,, ., = Ay, — Bum,

® || Eum| < ce(m)dy, with ¢(m) —— 0,

m—00
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Theorem. Let {A,} be a sequence of Hermitian matrices,
A, € Mdn(C), dy, < dn_|_1.
Under the following assumptions:

® {{Bym}tm, meN, B, Hermitian, a.c.s. for {A,},
® {Bum} ~x (fm, K), fm real valued function,

< me]ﬂ

m—00
® sup,,sup, |Bam||=C,  C,C constants,
SUp,,, SUp,, || Enml| = C, where E,, ., = Ay, — Bum,

® || Eum| < ce(m)dy, with ¢(m) —— 0,

m—00

then fisreal valued and {A,} ~, (f, K).
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Definition. Given a measurable complex-valued function 6
defined on a Lebesgue measurable set G, the essential
range of 4 is the set S(#) of points s € C such that, for every
e > 0, the Lebesgue measure of the set

0D (D(s,€)) :={t € G : 6(t) € D(s,€)} is positive. The
function 6 is essentially bounded if its essential range is
bounded.
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Definition. Given a measurable complex-valued function 6
defined on a Lebesgue measurable set G, the essential
range of 4 is the set S(#) of points s € C such that, for every
e > 0, the Lebesgue measure of the set

0D (D(s,€)) :={t € G : 6(t) € D(s,€)} is positive. The
function 6 is essentially bounded if its essential range is
bounded.

Definition. A matrix sequence {A,} (A, € M, (C),
d, < dni1) IS weakly clustered at a non empty closed set
S c C (in the eigenvalue sense) if for any ¢ > 0

#1J 2 Aj(An) & D(S,€)} = o(dn), n — o0,
where D(S,¢€) := U,cqg D(s,€) and D(s,€) := {2z : |z — 5| < €}.
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The result of Tilli

Szeg6 Theorem. Let f be a real valued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, then it holds

Tn(f)} ~x (f, Q).
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The result of Tilli

Tilli Theorem. Let f be a realvalued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, and if

9
9
9
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The result of Tilli

Tilli Theorem. Let f be a realvalued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, and if
® fecl™®Q),Q=|—-mmn),

o
o
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The result of Tilli

Tilli Theorem. Let f be a realvalued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, and if
® fecl™®Q),Q=|—-mmn),

#® S(f) has empty interior,
o

Cortona. Septem ber 2008 — p. 17/26



The result of Tilli

Tilli Theorem. Let f be a realvalued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, and if
® fecl™®Q),Q=|—-mmn),

#® S(f) has empty interior,
#® S(f) does not separate C,
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The result of Tilli

Tilli Theorem. Let f be a realvalued integrable function
over Q = |—m, ), If {T,,(f)} Is the sequence of Toeplitz
matrices generated by f, and if

® fecl™®Q),Q=|—-mmn),
#® S(f) has empty interior,
#® S(f) does not separate C,

then {7, (f)} ~x (f, Q).
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Generalization of Golinskii and Serra-Capizzano

Theorem. Let {A,} be a matrix sequence (A,, € M, (C),
d, < d,+1) and S a subset of C. If:
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Generalization of Golinskii and Serra-Capizzano

Theorem. Let {A,} be a matrix sequence (A,, € M, (C),
d, < d,+1) and S a subset of C. If:

® (al) Sis acompact set and C\S is connected,;
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Generalization of Golinskii and Serra-Capizzano

Theorem. Let {A,} be a matrix sequence (A,, € M, (C),
d, < d,+1) and S a subset of C. If:

® (al) Sis acompact set and C\S is connected,;
® (a2) {A,} is weakly clustered at S;
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Generalization of Golinskii and Serra-Capizzano

Theorem. Let {A,} be a matrix sequence (A,, € M, (C),
d, < d,+1) and S a subset of C. If:

® (al) Sis acompact set and C\S is connected;
® (a2){A,} is weakly clustered at 5;
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New results

Theorem. Let {4, } be a matrix sequence (A,, € My (C),
d, < dn_|_1). |f:
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The result of Tilli

Tilli Theorem. Let f be a integrable function over
Q= |—=n,m), If{T,(f)} Is the sequence of Toeplitz matrices
generated by f, and if

® fel™Q),Q=|-mm)
# S(f) has empty interior,
#® S(f) does not separate C,

then {7, (f)} ~x (f, Q).
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Result for real valued functions
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Result for real valued functions

Theorem. Let f,g € L*>°(Q) be such that h = fg Is real
valued. Then {A,} ~, (h,Q) with A,, = T,,(f)T,(g), and S(h)
IS a weak cluster for {A,, }.
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Result for real valued functions

Theorem. Let f,g € L*>°(Q) be such that h = fg Is real

valued. Then {A,,} ~, (h,Q) with A, =T, (f)T(g), and S(h)
IS a weak cluster for {A,, }.

Lemma. Let f,g € L*=(Q), A, =T, (f)T(g), and h = fg.
Then

1Ay = To(h)[[1 = o(n),

i W) _ 1 / " h(t)dt

n— 00 dn 2T

—
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Extension of the theorem of Tilli

Theorem. Let f,g € L*>°(Q) be such that h = fg Is real
valued. Then {A,} ~, (h,Q) with A,, = T,,(f)T,(g), and S(h)
IS a weak cluster for {A,, }.
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Extension of the theorem of Tilli

Theorem. Let f,g € L*°(Q) be such that h = fg Isreal
valued. If

® hel>®Q),Q=|—-nmr)),
#® S(h) has empty interior,
#® S(h) does not separate C,

then {A,} ~,) (h,Q) with A, =T, (f)T,,(g), and S(h) is a
weak cluster for { A, }.
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