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Introduction: ORFs with real poles

Given the real numbers as, ..., a, all different from each other, consider
the basis functions

fo(x) =1, fi(x) = (x — a,-)_l, i=1,...,n, far1(x) = x.

Let f(x) = (fo(x), ..., fa(x))T. Observe that

0 1
1 ail 0

xf(x) = | . . f(x) + fora(x) | . | = KF(x) + fasa(x)eo.
1 an 0

Let du(x) be a nonnegative measure on R such that all integrals
(6.6) = 105) = | AR, ij =01,
R

exist and are finite, with ff,-(x)2 du(x) > 0. %@
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Introduction: ORFs with real poles

Hence, the inner product (f, g) = [f(x)g(x)du(x)
is positive definite on Span{f, ..., frt1}.
= the Gram matrix A = ((f;, f;)) is PD.

Orthogonalize fy, ..., fy, fne1 — a set of ORFs ¢g, ..., dn, dni1,

(@i, dj) = 0ij,

o p) et
= T ) O T T ey AP =

With ¢(x) = (¢o(x), ..., da(x))T we have

0 ) (50) = (i) A7 =107

L
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ORFs and DPSS matrices
From xf(x) = Kf(x) + fr+1(x)eo we obtain:

xp(x) =xL7H(x) = [L'K|L™ e]< ())>

— LKL eo]< a <¢>n+1 )

= [L'KL L Leov "] (x) + Pnr1(x) al eg.
G £

It holds x¢p(x) = Gp(x) + ¢ntr1(x)€. The matrix G is a symmetric,
diagonal-plus-semiseparable matrix, G = Diag(0, a1,...,a,) + S,
and the vector £ is parallel to the last column of S: £ = v,Se,,.

“ES
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ORFs and DPSS matrices

@ Integral formula:

/X¢(X)¢(X)Tdu(><) = /[G¢(X) + a1 (x)€e(x) " du(x) = G.
R R

e G is diagonal-plus-semiseparable (DPSS):
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The Gauss quadrature formula

The numerator of ¢n11(x) = pnr1(x)/ [Th1(x — ax)
is a multiple of det(G — xI).

¢n11(X) =0 = GP(X) = Xp(x), X €R.

Moreover, the function ¢,+1(x) has distinct zeros, xp, . .., x,. Hence,

W0¢(XO)7 R Wn(b(xn)’ wj = :tl/H(ﬁ(XJ)H

are orthonormal vectors; U = (w;¢i(x;)) = G = UDiag(x,...

Moreover,

UUT:/ - wagzb;(xk)gbj(xk):d;J, i,j=0,...

k=0
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The Gauss quadrature formula

Consider the quadrature formula

e zwk x) ~ 1) = [ Fdu(x)
R
For i,j=0,...,n we have

Ini1(0idj) = 6ij = 1(0id)), In+1(Pidn+1) = 0 = 1(Pidnt1)-

f€S8nc = Inp1(f) = I(f), where

Snc = Span{¢i(x)pj(x), 0<i<n+1, 0<j<n}

ATt o P00 Pm -
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Earlier and related works

o Initial works: Van Assche and Vanherwegen [Math. Comp. 93],
Lépez and lllan ('87)

o Gautschi [1993-2001]. The approach: properly modify the weights of
a classical (i.e., polynomial) Gauss formula in order to get the sought
exactness for given spaces of rational functions.

Collocating poles in the integrand gives much better results.

@ On the interplay between ORFs, rational quadrature, and numerical
linear algebra, see Bultheel and coauthors [1999-2005] (Padé approx.,
rational moment pbs.), Zhedanov [1999-2001] (tridiag. pencils).

@ Computational aspects of ORFs and rational Gauss-type quadrature
formulas (with semiseparable matrices): F., Gemignani [2002-03],
Van Barel, F. Gemignani, Mastronardi [2005].
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Motivations (from NLA)

Functionals u” f(A)u can be recast as I(f) = [f(x)du(x),
that can be approximated via Gauss rules,
see Golub, Meurant; Matrices, moments, and quadrature (1, Il)

Whenever f(¥)(x) has constant sign, Gauss, Gauss-Radau and
Gauss-Lobatto rules provide bracketings for /(f).

Classical (polynomial) case: construction via tridiagonals Ty
obtained from Lanczos process: u' f(A)u =~ e1f(Ty)es.

Recent approach: use rational variants (Ruhe’s rational Lanczos).
DPSS matrices replace tridiagonals.
Bracketing properties for G, GR, GL, are the same; see

Lépez Lagomasino, Reichel, Wunderlich. Matrices, moments, and rational
quadrature (2008). -
i
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Motivations (from ORF theory)

Recurrence relations of ORFs are described in terms of tridiagonal pencils
(see Bultheel and others; Zhedanov)

Borwein, Erdélyi, Zhang [J. London Math. Soc. 1994]
give explicit forms for Chebyshev-type ORFs with arb. real poles

The construction of associated DPSS matrix G is immediate.
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Gauss-Radau formulas

Goal: a quadrature formula

such that % = a is prescribed, and IF ;(f) = I(f) whenever f € S, g,
p(x) -
n = s d S 2 - 1P, O S ) S .
Som = { s S Qstpte) <20} = spanf sty 0. < 1)

Equivalently, we look for a discrete inner product,
(f, g)R_In+1 fg) = ZWET’

with the property (¢i, ¢j)r = (¢i, ¢j), for i,j=0,...,n B
Remark. If we orthogonalize fy ..., f, with respect to (-, )g, 5@%&’\
we end up with ¢o, ..., ¢n. Rt
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Gauss-Radau formulas

Let
Remark that

(i) € Tr == 131 (xi(x)dj(x)) = 1(x¢i(x);(x))-

Define
Gr = (51 (xdi(x)e5(x)))-
Hence, Gg is a DPSS matrix such that Ggr(Jr) = G(JR):

AT ~ AT
upvp UgVv upvp UpVv ~
G e N ~ e GR — " ~ VT = (V]_ e
G ) Y

UgV LoV G

We have to impose a € A(Ggr): Gro(a) = a¢(a).
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Gauss-Radau formulas

Consider the eigenvalue-eigenvector equation Grp(a) = ap(a):

<go,o UofT> <¢p) _ <g0,0¢0 + Uof’té’) _ <3¢p)
ugV G ¢ UO(ZSO\? + G(b a¢ '
—_——————— —— N——
Gr P(a) ah(a)
Here go,0 = uo¥p. We obtain:
(G — al) = —ugeo¥, 80,060 = ado — ug¥” .
Introduce the auxiliary vector £ = —¢A>/¢o. Hence,

~

(G = al)E = ugV, go,0 = a-+ U0\7T£. J
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Gauss-Lobatto formulas

Goal: a quadrature formula

Ia(F) = > Wi (),
k=0

with % = a and X, = b prescribed, and I£,{(f) = I(f) whenever f € S,

n
Sol = {p(X)/ TI(x — a)?, deg(p(x)) < 2n— 1}
i=1
= Span{¢;p;, 0<i<n, 1<j<n}.
In other words, we look for a discrete inner product,

(F 8L = Iy (fe) = > Wi f(%)g (%),
k=0

such that (¢, )1 = (¢, @) for 0<i<nand1<j<n “
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Gauss-Lobatto formulas

Remark: If we orthogonalize fy, ..., f, with respect to (-, ")
then we obtain functions ¢, ..., ¢, such that
wi(x) = ¢i(x), for 1 < i < n, while in general o # ¢o.
Let
Jo=A(ij):1<ij<n}
Remark that

(i) € T = Iy (x0i(x)e(x)) = 1(xi(x);(x))-

Now let
GL = (i1 (xei(x)@j(x)))-
Hence, G, is a DPSS matrix such that G (J.) = G(J.):

AT — = — AT
upvp UgVv upvp UpV

G = R ~ fr— GL = A ~ .
gV G gV G
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Gauss-Lobatto formulas

In other words, the problem of devising the Gauss-Lobatto formula
reduces to scale the first row and column of G (i.e., determine iy, V)
so that a, b € A\(G.):

Grp(a) = ap(a),  Grp(b) = byp(b).

Remark: If (Tp, ) is a solution of this problem,
then also (—p, — V) is a solution, since

hovo TUoU™\  [-1 hovo —Tob'\ [—1
gV G N / — gV G 1)
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Gauss-Lobatto formulas

Denote ¢(x) = (wo(x), - - ., ¢a(x))".
Consider the eigenvalue-eigenvector equations G p(a) = ap(a):

<3<P0> _ <UOV0 UofT> <<P0> _ <UoVo¢0 + U()AVT¢9>
a@a UO"; G Lﬁa UO‘POG + G@a

ap(a) GL ¥(a)
We obtain
(G —al)@, = —Topol,  Tovopo = apo — ol @,
Introduce the auxiliary notations &, = —,/(Towo). We have:
(G—al)¢, =%,  Tovo=a+ 0 &,
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Gauss-Lobatto formulas

Consider analogously G;p(a) = ap(a). Eventually,
(G—bl)e,=(G—al)e, =0, Toto=a+T30 &, =b+T307E,

From the equations vy = a/iig + TV ' &, = b/Tip + oW &,

we have -
v (sa - €b) _ i
b—a 03

The resulting algorithm:

e Solve (G — al)¢, =¥ and (G — b€, = .
o Compute Tip = [ (£, — £)/(b — a)] /2.
o Compute ¥p as either Tig(a/Tg + V" &,) or To(b/Tg + U7 €p).

(ﬁ'fé
|

%
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Gauss-Lobatto formulas

Question: Is the expression for T2 > 0?7

Answer: Suppose that a < (the other nodes) < b.
Hence, G — al is positive definite, while G — bl is negative definite.

As a consequence, 7¢, = £1(G — al)¢, > 0 and
Vg, =¢/(G—bhE, <0, whence

b—a
AT —2
0T(€, - 6)>0 — B= 7 >0
v (Ea - €b)
e
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Christoffel-Darboux formula

The CD identity for classical OPs

Let po(x), ..., pnt+1(x) be a sequence of classical OPs. Then,

=) > P()pi(y) = Brsalprrr(x)Pa(y) = pa(x)Pos1(y)]-

Let ¢po(x), ..., dnt1(x) be as in the previous discussion. Then,

(x—y Zm = Vnl@n+1(Y)Pn(x)(x=an) =bn+1(x)dn(y)(y —an)]-

por-tog
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CD formula: proof

Start from G¢(x) = xp(x) + Pnt1(x)L.
Multiply on the left by ¢(y) and interchange variables, to obtain

Gop(x)o(y)T = xp(x)d(y)" + dnr1(x)€(y)"
Go()p(x)T = yo(y)d(x)T + ¢ni1(y)ed(x)".
Transpose, and subtract. Since G = GT,
(x =¥)e(X)e(y)T = Go(x)p(y)" — P(x)p(y)" G
+ Gn1 (V)BT — Pnr1(x)Ee(y) "
Take traces in both sides. Recall tr(AB) = tr(BA). Hence

(x =) D ok(¥)k(y) = St (V)tr(D(x)ET) = Pnia(X)tr(€d(y) 7).
k=0 gﬁ%@)
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CD formula: proof

Claim:
tr(p(x)€7) = Ynl(x — an)én(x) + Lndns1(x)].
Using this claim, the proof is easily completed.

Proof of the claim:
Recall that £ = v,Se,. From (S + D)¢(x) = x@(x) + ¢nt1(x)€ we have:

S¢(x) = [xI = Dlp(x) + dnr1(x)L.

With simple arguments,

tr(p(x)e") = yntr(Sp(x)e,)
= yatr([xI — D]$(x)ey) + Yndnr1(x)tr(Le, )
= ’Yn(X - an)¢n(x) + 7n€n¢n+1(x)v

and we have the claim. e
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