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THE NORM OF THE ERROR
Az =b
y AN approximation of r and e = x — .
We want to obtain an estimation of ||e||.
We set r = b — Ay. We have Ae = r and the bounds
I7|

o < lell < 1A il
1A

These bounds require the knowledge of ||A| and ||A~1]|, But
| A~ is difficult to compute, and the lower bound can be
quite a bad estimate of |¢||.

Estimates for the error in the conjugate gradient were given
by Golub and Meurant.
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EXTRAPOLATION

We will now obtain estimates of ||e|| by an extrapolation

method.

We have
co = (A°r, A°r) A° A 0+40=0
c1 = (A%r, Alr) A° Al 0+1=1
co = (A'lr, Alr) Al Al 1+1=2

c.1= (A%, Ar) A° A7l 0+ (-1)=-1
co=(A"1r, A lr) A7t At (1) +(-1)=-2

c.i = (Ar,A7'r) = (e,Ae) A-norm of the error
c_o = (A7'r,A7'r) = (e,e) = |le]* norm of the error
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We will interpolate the points (0,cp), (1,c1) and (2, c5) by
some function and then ....

exfrapolate af the point —2.
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WHAT IS EXTRAPOLATION ?
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Which curve?

Answer: a curve which mimics the exact behavior of the c;

If the function mimics the behaviour of the ¢;, then its value at
—2 will be a good approximation of Heﬁ.

For choosing the interpolation function, we have to analyze
the behaviour of ¢y, ¢; and es.

S0, let us now analyze this behavior.
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We consider the Singular Value Decomposition (SVD) of the

MAtrix A:
A = Uzv?t
U = |u,...,up
Vo = [Uh 7Up]
where
vt =vvTt =1,
¥ =diag(o1,...,0p) Withoy > 09 > --- > 0, > 0.
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Let v be any vector. It holds

Av =
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Co (7“, T)

C1 = (Ta AT)

co = (Ar, Ar)
c_1=(A"1rr)

c_o = (A, A7)

1=1
p
(VTr, Vi) =) 8.
i=1
p
Zgiaiﬁz
i=1
p
> 007
i=1
p
(e, Ae) = Zai_lozzﬂz
i=1
p
(e;e) =) o, %0
i=1

Q; = (u’i7 7")

@:(’Uz',"“)
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THE FORMULA FOR EXTRAPOLATION

The function we will use for extrapolation has to mimic as
closely as possible the behavior of the ¢;.

S0, we will keep only the first term in each of the preceding
formulae, that is we will look for a, 5 and ¢ safisfying the
inferpolation conditions

co = of=p
cp = oaf
Co — 0'252.

and then exirapolate for the values —1 and —2 of the index.

Thus, c_; and c_, will be approximated by

c_1~oc taf and c_z = |le]|? ~ o %2

THE FORMULA FOR EXTRAPOLATION
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ESTIMATES OF THE NORM OF THE ERROR

The preceding system has 3 unknowns and 4 equations
which are not compatible. Thus, it has several solufions. For
example, we get the following e? which are approximations

of [lel|?
el = c/c
e, = coci/c;
es = ci/eo
s = co/a
e = ciea/ct.

These estimates were numbered so that

e1 < ez < e3 < eq < es.
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MORE ESTIMATES:

More estimates can be obtained by replacing ¢ in all
formulae above by

p
Co = (ATr, ATr) = Za?a?,

=1
and approximating it by o?a?.
Similar results and properties are obtained.
They will be denoted by putting a — over the lefters.
It holds

The estimate e3 was given by Auchmuty in 1992,

ESTIMATES OF THE NORM OF THE ERROR
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NUMERICAL EXAMPLES:

x = A~ 1b is the exact solution of the linear system.

y IS any approximate solufion of if.

So, our estimates apply either to a direct method or to an
iterative method for the solution of a system of linear
equations.

They estimate both the rounding errors and the error of the
method.

ESTIMATES OF THE NORM OF THE ERROR
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BiCGSTAB: residud, error and estimate
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Figure 1: BICGSTAB for [+50*CIRCUL(100); cond(A) =101
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Figure 2: inv(1+50*circul(100)) x = 101.0408,
|A|| = 4.0016 - 10~4, || A=Y = 2.5250 - 10°
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A GENERALIZATION:

From here: joint work with G. Rodriguez and S. Seatfzu
(University of Cagliari, Italy).

The five estimates eq, ..., e5; can be gathered info only one
formula

ef =ch ()P, i=1,...,5.
Moreover, this formula is not only valid for: =1, ..., 5, but also

for any real number v, that is

2 _ w-1(/.2\3—v v—4
e, =ci (c7)°Veg T, veR

ESTIMATES OF THE NORM OF THE ERROR
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PROPERTIES:

We have
v 6
2 CoC2 Cq v 92
e, =\|\—5| | —= | =pey.
g <> (> e

So, e2 is an increasing function of v in (—oo, +0) since
p = (cocz)/cf > 1.
Therefore, it exists v, such that e2 = |le|?.

This v, is given by the formula

ve = 2In(le]|/e)/ In p.

ESTIMATES OF THE NORM OF THE ERROR
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AN APPLICATION TO REGULARIZATION

When a system is ill-conditioned, its solution cannot be
computed accurately.

Tikhonov's regularization consists in computing the vector x
which minimizes the quadratic functionadl

J(A\ z) = |[Az = b|]* + A*|| Hz|"

over all vectors z, where )\ is a parameter, and H a given
g x p (g < p) matrix.

This vector z, is the solufion of the system
(C+ N2E)xy = A'b,

where C = ATAond E = H'H.
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If \is close to zero, then z, is badly computed while, if X is far
away from zero, x, is well computed but the error x — x, is
quite large.

For decreasing values of A, the norm of the error ||z — z, || first
decreases, and then increases when A approaches 0.

Thus the error, which is the sum of the theorefical error and
the error due to the computer’s arithmetic, passes through a
minimum corresponding fo the optimal choice of the
regularization parameter .

AN APPLICATION TO REGULARIZATION
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Several methods have been proposed to obtain an effective
choice of \.

The L—curve consists in plotfing in log—log scale the values of
| Hxy|| versus ||r]|. The resulting curve is typically L-shaped
and the selected value of )\ is the one corresponding to the
corner of the L. However, there are many cases where the
L—-curve exhibits more than one corner, or no one at all.

The Generalized Cross Validation (cCV) searches for the
minimum of a function of A which is a statistical estimate of
the norm of the residual. Occasionally, the value of the
parameter furnished by this method may be inaccurate
because the function is rather flat near the minimum.

AN APPLICATION TO REGULARIZATION
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But each of these methods can fail.

We are proposing another test based on the preceding
estimates of the norm of the error.

Warning :
We don’t pretend that this new procedure never fails!!!

AN APPLICATION TO REGULARIZATION
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There are two questions that have to be answered:

e Is 2, well computed?
For answering this question, we propose the following test.
Remember that the vector x,, is tThe solution of

(C 4+ NE)xy = A''D,

where C = ATAond E = H'H.
Set ry =b— Ax,.
Since ATry, = \2Ex,, it holds

Nl Ezall _

— 1.
1A x|

So, it could be checked if this ratio is close to 1 for all \.
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e Is ), a good approximation of +?
For this question, the preceding estimates could be used.

However, due to the ill-conditioning, & = ||ATr||? is badly
computed when A approches zero.

So, again, we will replace Alry by \>Ex, in [|[Alry|| and in
(rx, Ary) = (ATry, 7).

AN APPLICATION TO REGULARIZATION
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In order to find the best value of the parameter A\, we will now
apply our estimates of the norm of the error to Tiknonov's
regularization method.

Effecting the preceding substitutions, we finally obtain the
error estimates

€2 = |Irall?" 2 (ra, Exn )% 2 | Exy |2 78N

Contrarily to the more general estimates which are always
valid, this new formula is only valid for Tikhonov's
regularization. So, it should lead to better numerical results.
Testing the equality \2||Ex,||/[|ATry\|| = 1is also only valid for
Tikhonov's regularization.

Let us remark that (ry, Exy) = (Hry, Hzy) wWhich avoids
computing the matrix £ and, in several cases, leads fo a
more stable procedure.,

AN APPLICATION TO REGULARIZATION



EXAMPLE 1:

In this example we show how our estimates behave in a
problem for which the L-curve method fails.

We consider the Pascal matrix of dimension 20 whose
estimated condition number is 1.03 - 10721, The solution was
chosentobe z = (1,...,1)1, the noise level on the right hand
side was 1078, and the regularization matrix was the identity.

The thick line gives the Euclidean norm of the error. From the
potftom to the top, the solid lines represent e1, e3 and e5 versus
A, while the dashed ones are e;, e4 and eg.
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Figure 3: Error and estimates
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e Using the svD for computing z,, the minimal value for
|z — || is equal to 1.1 - 1073, and is reached for
A=6.1-10"3

o Our estimates furnish A = 7.8 - 1072, and the corresponding
error is the optimal one, within the first fwo significant
digits.

e The GCV provides A = 4.8 - 10—+ with an error of 2.6 - 1073,

e The L—curve is displayed in the next Figure. [t does not
exhibit a recognizable corner (it is not even L-shaped),

but the roufine from Hansen'’s toolbox incorrectly locates
a corner at A = 1.7-10™, with a corresponding error of 4.1.
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EXAMPLE 2:

We consider the Baart matrix of dimension 20. The solution
was chosen to be z = (1,...,1)%, the noise level on the right
hand side was 1078, and the regularization matrix was the
discrete approximation of the second derivative.

For this example, we plot the ratio \2||Ex,|| /|| AL rx|| with
respect to \. This ratio must be equal to 1 for all X. The vertical
dashed line indicates the value of A where |le, || reaches its
minimum. Thus, this ratio could also e used as a fest for the
correctness of the computation of z,, as mentioned above.

AN APPLICATION TO REGULARIZATION
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Figure 5: Ratio \?||Ex,||/||AT ry| for Baart matrix
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EXAMPLE 3:
The conjugate gradient itself has a regularizing effect.
Let us now use our estimates for stopping the iterations of CG.

We take the Gaussian matrix of dimension 10000, with a unit
solution, and a noise level of 1074,

Its asymptotic condition number, when the parameter o is
equal to0 0.01,is 1.0 - 10214,

Left: error (thick line), estimatese, forv =1,...,5, versus the
iferations.

Right: (thick plain line), A-norm error, (e, Ae)'/? (thick dashed
line), estimates &5 (thin plain line), (e3)'/? (thin dashed line).

AN APPLICATION TO REGULARIZATION
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Figure 6: Regularizing CG: Gaussian matrix
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EXAMPLE 4:

Finally, let us solve an image deblurring problem by CG. The
size of the image is 256 x 256, and so dimension of the system

is 2562 = 65536.

We initially apply a Gaussian blur to a test image, displayed
on the left of the Figure (see below), and contaminate it with
a noise at level 10~% and 1072,

The next Figure reports the graph of the error (thick lines) and
of e5 (thin lines) for the fwo noise levels.

AN APPLICATION TO REGULARIZATION
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Figure 8: Images for the deblurring problem
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L. Reichel, G. Rodriguez, S. Seatzu
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