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Hamiltonian Eigenproblems

Large-Scale
Hamiltonian
Eigenproblems

Peter Benner L. .
Definition

Hamiltonian
Eigenproblems

0 /Iy

L0 ] then H € R2"%27 is called Hamiltonian, if

Explicit block form of Hamiltonian matrices

[A G

Q _AT ],whereA,G,QER”X” and G=G",Q=Q".
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pencils like the QR, Lanczos, Arnoldi algorithms!
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Hamiltonian
Eigenproblems

Hamiltonian Eigenproblems

Goal
Structure-preserving algorithm, i.e., if X is a computed eigenvalue of

H, then X, —X, —\ should also be computed eigenvalues.

Goal cannot be achieved by general methods for matrices or matrix
pencils like the QR, Lanczos, Arnoldi algorithms!

For an algorithm based on similarity transformations, the goal is
achieved if the Hamiltonian structure is preserved.

Definition
S € R?7%27 js symplectic iff STJS=J, e, S t=JTSTJ.

Lemma

If H is Hamiltonian and S is symplectic, then
ST'HS

is Hamiltonian, too.



Introduction

Applications

Large-Scale Hamiltonian eigenproblems arise in many different applications, e.g.:

Hamiltonian

SIESIPICREns m Systems and control
Peter Benner .

m Model reduction

m Computational physics:
Applications exponential integrators for Hamiltonian dynamics.
[E1rOLA ’03, LOPEZ/SIMONCINI "06]

m Quantum chemistry:
computing excitation energies in many-particle systems using
random phase approximation (RPA).

m Quadratic eigenvalue problems with Hamiltonian symmetry:
— computation of corner singularities in 3D anisotropic elastic

structures [APEL/MEHRMANN/WATKINS ’01];
— gyroscopic systems [LANCASTER ’99,...];
— vibro-acoustics [MAEss/GAuUL *05];

— optical waveguide design [ScHMIDT ET AL ’03].



rw The Symplectic Lanczos Algorithm

Large-Scale
Hamiltonian
Eigenproblems

B Symplectic Lanczos Algorithm for Hamiltonian operators H

m is based on transpose-free unsymmetric Lanczos process
[FREUND '94],

Symplectic
Lanczos

m computes partial J-tridiagonalization;

m provides a symplectic (J-orthogonal) Lanczos basis Vj € R27%2k,
i.e., VkTJ,, Vk = Jk;

m was derived in several variants: [FREUND/MEHRMANN 94,
FERNG/LIN/WANG ’97, B./FASSBENDER ’97, WATKINS ’04];

m requires re-J-orthogonalization using, e.g., modified symplectic
Gram-Schmidt;

m can be restarted implicitly using implicit SR steps
[B./FASSBENDER '97];

m exhibits convergence problems without locking & purging.



The Hamiltonian J-Tridiagonal Form

or Hamiltonian J-Hessenberg Form

Large-Scale
Hamiltonian
Eigenproblems

Peter Benner

Symplectic
Lanczos

L Vn _5n B

m can be computed by symplectic similarity T, = S™'HS almost always,

m is computed partially by symplectic Lanczos process, based on
symplectic Lanczos recursion

HVi = Vi Tk —|—Ck+1vk+1ez7;, Vie=1[S(,1:k), SG,n+1:n+ k).



The Symplectic Lanczos Algorithm

Derivation using Partial J-Tridiagonalization

Large-Scale
Hamiltonian
Eigenproblems

If T, = S™'HS is in Hamiltonian J-tridiagonal form, then

Peter Benner
K(H,2n—1,v) = SR with s =v

Symplectic
Lanczos

is an SR decomposition of the Krylov matrix
K(H,2n—1,v) :=[v,Hv,...,H""v].

If R is nonsingular, then T is unreduced, i.e., {; # 0 for all j.



The Symplectic Lanczos Algorithm

Derivation using Partial J-Tridiagonalization

Large-Scale
Hamiltonian
Eigenproblems

If T, = S™'HS is in Hamiltonian J-tridiagonal form, then

Peter Benner
K(H,2n—1,v) = SR with s =v
Symplectic

Lanczos is an SR decomposition of the Krylov matrix
K(H,2n—1,v) = [v,Hv,..., Hznil‘/]‘

If R is nonsingular, then T is unreduced, i.e., {; # 0 for all j.

Column-wise evaluation of HS = ST, yields (S := [vi,..., Vo, w1,..., Wy])
Hvi = Orvk + viwy <= viwk = Hvie — dkvie =2 wi,
Hwi = CmVi—1 + Bivic — 0kWic + Ces1Vier

= Ch1Virs = Hwi — Geviem1 — Brvi + Sxwi =1 Viga.

= Choose parameters dx, Bk, Vk, Cx such that resulting algorithm
computes symplectic (J-orthogonal) basis of Krylov subspace

K(H, vi,2m) = span{vy, Hvi, ..., Hzm_lvl}.



The Symplectic Lanczos Algorithm

Algorithm based on symplectic Lanczos recursion HVy = Vi T\ + (k41 vk+1esz

Large-Scale INPUT: H € R?™*2" m e N, and start vector i #0¢€ R2",
Hamiltonian

Eigenpronlems OUTPUT: T, € R*™2M V,, € R22™ (1, and Vi
Peter Benner -~
G =l
— 15

Symplectic e an
Lanczos FORk:1’27,m
(a) t = Hw, u= Hw
5k - <t7 Vk)
Wk = t — Ok vk

Vi = <t, Vk>J

)
)
)
) wk = =i
)
)
)

v
Bk = —(u, wk)y
Vkr1 = U — Cevi—1 — Brvi + Srwi
Chr1 = || Va1l

— V]
Chogr HF1



The Symplectic Lanczos Algorithm

Algorithm based on symplectic Lanczos recursion HVy = Vi T\ + (k41 vk+1esz

Large-Scale INPUT: H € R?™*2" m e N, and start vector i #0¢€ R2",
Hamiltonian

Exemamoms OUTPUT:  Tp € R™2™ V,, € R*™2™, (priy, and Vi,
Peter Benner -~
G =l
1 ~
A v = L9
Symplectic . ! o '
Lanczos FORk:1’27,m

(a) t = Hvk, u= Hwx
(b) k= (t,v)
) Wi =t — Ok vk

) vk = (t, i)y

) wk = VLka

) Bk = —(u, wk)y

) Viyr = U — Cevik—1 — Bivic + drewic
) Chkr1 = |Vl

(i) Vkp1 = Ty Wkt

Note: 3(b) yields orthogonality of vk, wx [FERNG/LIN/WANG '97] and
optimal conditioning of Lanczos basis [B. '03] if ||v||2 = 1 is forced.




The Symplectic Lanczos Algorithm

Implicit Restarts for given k-step Lanczos recursion HVy = Vi T) + Cit1Vi+1 esz.

Laeecel Extend Lanczos recursion by p symplectic Lanczos steps, yielding

Hamiltonian
Eigenproblems

;
Peter Benner HViip = Vieip Thap + Chtpt1 Vit p+1€2(k+p) -

Let Siyp € R2KHP)¥2kHP) be symplectic. Then with

Symplectic
Lanczos

H (ViespSictp) = (VierpSicin) (Sicip Tk Skt p) FChept1 Vit p+1 €3k 4 p) Sk

Vicrp Vip Thsp

\A/Hp is J-orthogonal, ?_k+p is Hamiltonian.



The Symplectic Lanczos Algorithm

Implicit Restarts for given k-step Lanczos recursion HVy = Vi T) + Cit1Vi+1 esz.

Large-Scal ; ; aldi
IrE e Extend Lanczos recursion by p symplectic Lanczos steps, yielding
Eigenproblems

;
Peter Benner HViip = Vieip Thap + Chtpt1 Vit p+1€2(k+p) -

Let Siyp € R2KHP)¥2kHP) be symplectic. Then with

Symplectic
Lanczos

H (ViespSictp) = (VierpSicin) (Sicip Tk Skt p) FChept1 Vit p+1 €3k 4 p) Sk

Vk+p Vk+p 7’k+p
\A/Hp is J-orthogonal, ?_k+p is Hamiltonian. Thus,
(*) H\A/k+p = \A/k+p ?k+p+ck+p+1 Vk+P+15kT+p (5kT+p = Sktp(2(k+p), 1))

Obtain new Lanczos recursion from (x) by truncating back to k and
choosing Sk, so that
m T, is Hamiltonian J-tridiagonal,
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Symplectic
Lanczos

The Symplectic Lanczos Algorithm

Implicit Restarts for given k-step Lanczos recursion HVy = Vi T) + Cit1Vi+1 esz.

Extend Lanczos recursion by p symplectic Lanczos steps, yielding
HVictp = Vicrp Tietp + Chotpt1 Vi p1 €200 p) -
Let Siyp € R2KHP)¥2kHP) be symplectic. Then with

H (ViespSictp) = (VierpSicin) (Sicip Tk Skt p) FChept1 Vit p+1 €3k 4 p) Sk

Vk+p Vk+p 7’k+p
\A/Hp is J-orthogonal, ?_k+p is Hamiltonian. Thus,
(*) H\A/k+p = \A/k+p ?k+p+ck+p+1 Vk+P+15kT+p (5kT+p = Sktp(2(k+p), 1))

Obtain new Lanczos recursion from (x) by truncating back to k and
choosing Sk, so that
m T, is Hamiltonian J-tridiagonal,
m the residual term é\k+]_ Uk+15« has the form vector x ex.
=—> implicit SR steps with structure-induced shift polynomials, e.g.,
p2(x) = (x — p)(x + p) or pa(x) = p2(x)p2(x).
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decomposition by SR (symplectic x “psychologically” upper
triangular) decomposition, using orthosymplectic Givens and
Algothm Householder as well as symplectic Gaussian eliminations.
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or ps(H) = p2(H)p2(H).
m Converges to Schur-like form with local cubic convergence rate.

[WATKINS/ELSNER "91]




The SR Algorithm

Key Ingredients

Large-Scale

iamiltonian Bulge-chasing algorithm of GR class based on symplectic

Eigenproblems

Cerer Benne (J-orthogonal) similarity transformations. [DELLA-DORA 73]

m Algorithmic details analogous to QR algorithm, replace QR
decomposition by SR (symplectic x “psychologically” upper
triangular) decomposition, using orthosymplectic Givens and
Algothm Householder as well as symplectic Gaussian eliminations.
[BUNSE-GERSTNER/MEHRMANN ’86]

m Preserves the Hamiltonian J-tridiagonal form.

m Uses implicit double or quadruple shift SR steps which
correspond to SR decomposition of po(H) = (H — ul)(H + ul)
or ps(H) = p2(H)p2(H).

m Converges to Schur-like form with local cubic convergence rate.

[WATKINS/ELSNER "91]

m Can be implemented using the 4n — 1 parameters of the
J-tridiagonal form only ~~ parametric SR algorithm.

[FASSBENDER '07]



The SR Algorithm

Hamiltonian Schur-like form obtained from SR algorithm

Large-Scale SR iterates converge to

Hamiltonian -

Eigenproblams Ap Gy
Peter Benner .
Ak Gk
0 Gry1
The SR
Algorithm 0 Gm
0 —AT ’
0 -A]
Qk+1 0
L Qm 0 |

m the 1 x 1 blocks A; represent real eigenvalues with \; < 0,
m the 2 x 2 blocks A; represent complex eigenvalues with Re(});) < 0,

. G; . . .
m the blocks [g{ /(T] represent purely imaginary eigenvalues.
A



The SR Algorithm

Hamiltonian Schur-like form obtained from SR algorithm

Large-Scale SR iterates converge to

Hamiltonian -

Eigenproblams Ap Gy
Peter Benner .
Ak Gk
0 Gry1
The SR
Algorithm 0 Gm
0 —AT ’
0 -A]
Qk+1 0
L Qm 0 |

the 1 x 1 blocks A; represent real eigenvalues with A; < 0,

the 2 x 2 blocks A; represent complex eigenvalues with Re(\;) < 0,

. G; . . .
the blocks [g{ /(T] represent purely imaginary eigenvalues.
A

m Re-ordering of eigenvalues requires (block-)permutation only!
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A Hamiltonian Krylov-Schur-Type Algorithm

Motivation

Large-Scale

Hamiltonian m To enhance convergence of implicitly restarted Krylov subspace
Sl methods need deflation strategies for
— locking: deflate converged and wanted Ritz pairs,
— purging: deflate converged but unwanted Ritz pairs,
but re-(J-) orthogonalize against converged Ritz vectors!
m Deflation, locking & purging technically involved and hard to
realize for implicitly restarted Arnoldi/Lanczos.
Derivation [LEHOUCQ/SORENSEN 96, SORENSEN ’02].
m Deflation strategies do not carry over to implicitly restarted
symplectic Lanczos!
m Stewart's idea (SIMAX '01): rather than using Arnoldi
decomposition (recursion), i.e.

Peter Benner

AV, = Vi H, + rk+1ekT with upper Hessenberg matrix Hy
use Krylov-Schur decomposition
AW, = W, T + rk+1t,(T+1 with Ty in (real) Schur form

for locking & purging.



A Hamiltonian Krylov-Schur-Type Algorithm

Krylov-Schur for symplectic Lanczos

Large-Scale
Hamiltonian
Eigenproblems

Assume we have constructed a symplectic Lanczos decomposition of
length 2(k 4+ p) = 2m of the form

Peter Benner

HVi = Vi Ty + Cm+1Vm+1e2Tm-

Derivation



A Hamiltonian Krylov-Schur-Type Algorithm

Krylov-Schur for symplectic Lanczos

Large-Scale
Hamiltonian
Eigenproblems

e Assume we have constructed a symplectic Lanczos decomposition of
- length 2(k + p) = 2m of the form

-
HVm = Vin Ty + Cmt 1Vt 1€
Derivation

H\A/m = \A/m ?-m + é\m+1 Om+1§r31—
is a Hamiltonian Krylov-Schur-type decomposition if
m rank ([\7,,,, vm+1]> =2m+1,
] \7,,, is J-orthogonal,
=

m is in Hamiltonian Schur-type form.



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Large-Scale Applying SR algorithm to T, yields symplectic matrix S, such that
Hamiltonian o

Eigenproblems Tm:=Sm 'TmSm has Hamiltonian Schur-like form.

Peter Benner PN
As noted before, T, can be ordered by J-orthogonal permutations so that

converged and wanted/unwanted Ritz values appear in the leading/trailing
blocks,
Ar
N Ay
T =
" (@]
Q

G

G2

—A1T

Derivation

7A2T



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Large-Scale Applying SR algorithm to T, yields symplectic matrix S, such that
Hamiltonian o

Eigenproblems Tm:=Sm TmSm has Hamiltonian Schur-like form ~

Peter Benner

H(VnSm) = (VSm)(Sm’ TmSm) + Cmi1Vin1€3mSm
A1 G
A G
= [Vk7 Vm Wka WP] Ql 2 7Ail' 2 + Cm+1 Vm+15131—
@ —A;

Derivation

Note: in case of deflation (~+ locking possible), s} = [0, 5;1,0,5,12].
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Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Large-Scale Applying SR algorithm to T, yields symplectic matrix S, such that
Hamiltonian o

Eigenproblems Tm:=Sm 'TmSm has Hamiltonian Schur-like form

Peter Benner

H(VnSm) = (VSm)(Sm’ TmSm) + Cmi1Vin1€3mSm
A1 G
A G
= [Vk7 Vm Wk7 WP] Ql 2 7Ail' 2 + Cm+1 Vm+15131—
@ —A;

Derivation

Note: in case of deflation (~+ locking possible), s} = [0, sF,T_l,O,s,Ig].

Purging: continue with Hamiltonian Krylov-Schur-type decomposition
H[ Vi, Wi] = [Vie, Wi] Tic + Cms1Vms15i.
Locking: continue with Hamiltonian Krylov-Schur-type decomposition

H[Vp, W] = [Vi, Wl T + Cmiavimsas,



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Large-Scale Applying SR algorithm to T, yields symplectic matrix S, such that
Hamiltonian o

Eigenproblems Tm:=Sm 'TmSm has Hamiltonian Schur-like form

Peter Benner

H(VnSm) = (VSm)(Sm’ TmSm) + Cmi1Vin1€3mSm
A1 G
A G
= [Vk7 Vm Wk7 WP] Ql 2 7Ail' 2 + Cm+1 Vm+15131—
@ —A;

Derivation

Note: in case of deflation (~+ locking possible), s} = [0, sF,T_l,O,s,Ig].

Purging: continue with Hamiltonian Krylov-Schur-type decomposition
H[Vie, Wi] = [Vie, Wi] Tic + Cms1Vims1si

Locking: continue with Hamiltonian Krylov-Schur-type decomposition
H[Vp, Wy] = [V, W] Tp, + Cm+1Vm+15pT

In order to expand subspace back to length m, need to return to symplectic
Lanczos decomposition!



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Large-Scale
e TR Theorem

Eigenproblems
Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Peter Benner

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,
HU = UT +us’.
Derivation J-orthogonalize u w.r.t. U so that UTJu=0 = 0 := %(u — Ut),

HU = UT + (v + Ut)s" = U(T +ts") +~ios” = UB+ 05",



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Large-Scale

Hamiltonian Theorem

Eigenproblems
Peter Benner Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,

HU = UT +us'.

Derivation

J-orthogonalize u w.r.t. U so that UTJu=0 = HU = UB+05".
Compute orthogonal symplectic matrix W such that W5 = (Ae;k =
HUW = UW(WTBW) + 3" W =: UWB + (irej;.



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Large-Scale

Hamiltonian Theorem

Eigenproblems

Peter Benner Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,

HU = UT +us'.
Derivation

J-orthogonalize u w.r.t. U so that UTJu=0 = HU = UB+05".
Compute orthogonal symplectic matrix W such that W5 = (Ae;k =
HUW = UWB + Ciejy.
Compute symplectic matrix S restoring J-tridiagonal form of B, ie.,
S7'BS = T is Hamiltonian J-tridiagonal and e}, S = ej,
(~ row-wise bottom-to-top J-tridiagonalization) =
HUWS = UWS ST*BS +(iiej,
M~ e ——
=V =V =T

is an equivalent symplectic Lanczos decomposition.



Algorithm HKS

Large-Scale Use k steps of symplectic Lanczos process to compute symplectic

Hamiltonian

Eigenproblems Lanczos decomposition
T HVi = Vi Ty + k1 Vir1 €5
Expand Krylov subspace to length 2(k + p) using p steps of
symplectic Lanczos process,
HVictp = Vierp Tt + Cietp1 Vi p+1 €5k p)-

Run (parametrized) SR algorithm on Ty, to obtain Hamiltonian
Krylov-Schur type decomposition

Derivation

HUisp = Usip Tirp + Chotp1 Vi p4 15k 4 p-
Re-order Hamiltonian Schur-type form as desired, deflate/purge,
yielding new Hamiltonian Krylov-Schur type decomposition
HU = Uk T + Cosr s34 -
(In case of deflation of ¢ converged Ritz values, k < k — ¢.)
Compute equivalent symplectic Lanczos decomposition
HVie = Vi Tie + Gt Onsr 0k
@A IF k>0, GOTO 2.



Numerical Examples

Quadratic Eigenvalue Problems

Large-Scale

E?;e'::ffg;:s Quadratic Eigenproblems with Hamiltonian Symmetry

Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization

M 0 -G —-K y | .
el (A[o /]‘[ I 0 :|)|:x]_0 (v 1= Ax).

Problems

~~ unstructured (generalized) eigenproblem, spectral symmetry is destroyed
in finite precision computations.
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Quadratic Eigenvalue Problems

Large-Scale

E?;e'::ff;z:s Quadratic Eigenproblems with Hamiltonian Symmetry

Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization

I G 0 -K
Qe (AN_H)ZZQ[O /}‘[M*l 0 D[H:O (3= M)

Problems

~ skew-Hamiltonian/Hamiltonian eigenproblem, i.e., N is skew-Hamiltonian
(N)HT = —=(NHT), H is Hamiltonian;
~~ spectral symmetry can be preserved in finite precision computations if
structure-preserving algorithm is used!

~+  Skew-Hamiltonian  Implicitly =~ Restarted  Arnoldi ~ (SHIRA)
[MEHRMANN/WATKINS ’01].
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Quadratic Eigenvalue Problems

Large-Scale

E?;e'::ff;z:s Quadratic Eigenproblems with Hamiltonian Symmetry

Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization

I G 0 -K
Qe (AN_H)ZZQ[O /}‘[M*l 0 D[H:O (3= M)

Problems

~ skew-Hamiltonian/Hamiltonian eigenproblem, i.e., N is skew-Hamiltonian
(N)HT = —=(NHT), H is Hamiltonian;

Skew-Hamiltonian/Hamiltonian eigenproblem is equivalent to Hamiltonian
eigenproblem Hz = Az with

[ -ic 0 -K1[! -iG
H‘[o /HM—1 oHo I



Numerical Examples

Quadratic Eigenvalue Problems

Large-Scale For eigenvalues of largest magnitude apply HKS to

Hamiltonian

Eigenproblems 1 1

Peter Benner H = / _EG 0_1 -K / _EG .
0 / M 0 0 /

For eigenvalues of smallest magnitude apply HKS to

o[ 1316 0o M I 3G
H _{o /H—K—1 oHo I

Note: more efficient than SHIRA applied to H 2!

Quadratic
Eigenvalue

Problems



Numerical Examples

Quadratic Eigenvalue Problems

Large-Scale For eigenvalues of largest magnitude apply HKS to

Hamiltonian

Eigenproblems / 1 G 0 K i ! G
eter Benner - 2 P i
- T ]

For eigenvalues of smallest magnitude apply HKS to
o[ 1316 0o M I 3G
Ho= { 0o I/ -K™' o0 o I |-

For interior real/purely imaginary eigenvalues apply HKS to

Quadratic
Eigenvalue

Problems Ho(t) = HRy(r)=HH -7 (H+7I)™"
¢ 3 Lo L et ]l
e olo TLe W]

Applying Q(7)™%, Q(7)~" requires only 1 LU factorization!
Note: as efficient as SHIRA applied to R»(7)!

7]



Numerical Examples

Quadratic Eigenvalue Problems

Large-Scale For eigenvalues of largest magnitude apply HKS to
Hamiltonian
Eigenproblems

_[1 —36 0 -K][!I —3G
S H‘[o /HM—1 oHo T

For eigenvalues of smallest magnitude apply HKS to
o[ 1316 0o M I 3G
Ho= { 0o I/ -K™' o0 o I |-

For interior complex eigenvalues apply HKS to

Quadratic
Eigenvalue

Problems

H4(7’) = HR4(T)
= HMH-—-7)"H+7) " H-F)"(H+7)""

Note: as efficient as SHIRA applied to R4(7)!
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Numerical tests

Large-Scale
Hamiltonian
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e m We apply eigs and HKS (and SHIRA for nonzero shifts) to
several test sets.

m Convergence is based on comparable stopping criteria: Ritz
values are taken as converged if relative residuals for the
shift-and-invert operators are smaller than given tolerance.

Quadratic
Eigenvalue

S m Relative residuals in numerical examples are the residuals for the
QEP, i.e., B B

[[(A2M + \G + K)X||1

1AM +AG + K1 |I%]2”

where (), %) is a converged Ritz pair.
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Corner singularities

Large-Scale
Hamiltonian
Eigenproblems

Here: 3D elasticity problem for Fichera corner (cutting the cube
[0,1] x [0,1] x [0,1] out of the cube (—1,1) x (—1,1) x (—1,1)).

n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
Want 12 eigenvalues closest to target shift 7 = 1.

Compare SHIRA applied to R>(1), eigs and HKS applied to Ha(1).
SHIRA needs 3, eigs 6, HKS 4 iterations.

Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.

Peter Benner

Corner
singularities
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Corner singularities

Large-Scale
Hamiltonian
Eigenproblems

Here: 3D elasticity problem for Fichera corner (cutting the cube
[0,1] x [0,1] x [0,1] out of the cube (—1,1) x (—1,1) x (—1,1)).

Peter Benner

m n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
m Want 12 eigenvalues closest to target shift 7 = 1.
m Compare SHIRA applied to R»(1), eigs and HKS applied to H(1).
m SHIRA needs 3, eigs 6, HKS 4 iterations.
m Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.
SHIRA HKS
Corner Eigenvalue Residual Eigenvalue Residual
F—— 0.90510929898162 | 2-10—** || 0.90510929894951 | 6 - 10~
0.90529568786502 | 2-107'* || 0.90529568784944 | 5-1071°
1.07480595544983 | 5-107'% || 1.07480595544985 | 4-1071°
1.60117345104537 | 1-107'% || 1.60117345101134 | 610716
1.65765608689959 | 4-10~'* || 1.65765608679830 | 3-10'°
1.65914529725492 | 1-10~% || 1.65914529702482 | 7-107%°
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Corner singularities

Large-Scale
Hamiltonian
Eigenproblems

Here: 3D elasticity problem for Fichera corner (cutting the cube
[0,1] x [0,1] x [0,1] out of the cube (—1,1) x (—1,1) x (—1,1)).

Peter Benner

m n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
m Want 12 eigenvalues closest to target shift 7 = 1.
m Compare SHIRA applied to R»(1), eigs and HKS applied to H(1).
m SHIRA needs 3, eigs 6, HKS 4 iterations.
m Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.
eigs HKS
Corner Eigenvalue Residual Eigenvalue Residual
F—— 0.90510929898127 | 4-10~2¢ || 0.90510929894951 | 6 - 10~
0.90529568786417 | 4-107% || 0.90529568784944 | 5.1071°
1.07480595545002 | 4-107'® || 1.07480595544985 | 4-1071°
1.60117345102312 | 2-107%° || 1.60117345101134 | 61010
1.65765608688689 | 2-107'° || 1.65765608679830 | 3-10'°
1.65914529726339 | 1-107%° || 1.65914529702482 | 710~




Numerical Examples

Gyroscopic systems: rolling tire

Large-Scale
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Eigenproblems

Peter Benner

m Modeling the noise of rolling tires requires to determine the
transient vibrations, [NACKENHORST/VON ESTORFF "01].

m FEM model of a deformable wheel rolling on a rigid plane
surface results in a gyroscopic system of order n = 124,992
[NACKENHORST '04].

m Sparse LU factorization of Q(7) requires about 6 GByte.

singularit m Here, use reduced-order model of size n = 2,635 computed by
yroscopic
systems AMLS [ELssEL/Voss "06].
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Gyroscopic systems: rolling tire

Large-Scale

amiltonian i i -1
g lamitonian m Compare eigs and HKS applied to H~* to compute the 12
smallest eigenvalues.

Peter Benner
m eigs needs 8, HKS 6 iterations.
m max(cond (SR)) = 331.

m Eigenvalues scaled by 1,000.

eigs HKS
Eigenvalue Residual Eigenvalue Residual
o 4-107"7 +1.73705142673: | 210" || 1.73705142671z | 5-10""
e —3-107" + 1.66795405953: | 8-107"° || 1.66795405955: | 2-10~*°
2.107'% +1.66552788164: | 2-1071° || 1.66552788164: | 1-1071°
4.107** +1.58209209804: | 1-107*° || 1.58209209804: | 5-10~*"
—1-107" 4 1.136571085782 | 8-10"%" || 1.136571085782 | 7-10~'8
1-10"* 4 0.80560062107z | 1-107* || 0.80560062107: | 6-10"*8




Numerical Examples

Gyroscopic systems: rolling tire

Large-Scale

amiltonian i i -1
g lamitonian m Compare eigs and HKS applied to H~* to compute the 180
smallest eigenvalues.

Peter Benner
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Conclusions and Outlook

Large-Scale
Hamiltonian

Eigenproblems Condusions

Peter Benner

m Solution of large-scale eigenproblems with Hamiltonian
eigensymmetry in a numerically reliable way possible by
combination of symplectic Lanczos process and Krylov-Schur
restarting.

m Alternative to SHIRA, often with faster convergence.

m Relies on parameterized SR algorithm [FASSBENDER ’07].

Conclusions and

Outlook m Advantageous in particular in presence of eigenvalues on the
imaginary axis, e.g., for stable gyroscopic systems.
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Large-Scale
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Eigenproblems Out|OOk

Peter Benner

m Integration into HAPACK (= better and more reliable
implementation. . .)

m Comparison to SOAR [Ba1/Su ’05] for second-order
eigenproblems.

m Solution of higher-order, structured polynomial eigenproblems.

Concsions ang m Rational Krylov methods for Hamiltonian eigenproblems;

Outlook RatSHIRA developed by C. Effenberger (diploma thesis, TU
Chemnitz 2008).

m Version for symplectic/palindromic eigenproblems based on
symplectic Lanczos process and SZ iteration.

m Two-sided symplectic (implicitly restarted) Arnoldi based on
symplectic URV decomposition [B./KRESSNER/MEHRMANN/XU],
soon.
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