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Introduction

Tom Bella

Orthogonal Polynomials Related to Structured Matrices

Moment Matrices

" Hankel matrices. Defined by C’)(n) parameters {hk}

ho
hy

hQ

hn—l

hy /7o ‘e Fn—1
hQ
h2n—3

hon—3 hap_o

ho,-3 han_2 hop—1 |

% Toeplitz matrices. Defined by O(n) parameters {tk}

t_q e e Lo

Structured Linear Algebra Problems, Cortona, Italy, 2008

Page 2



Introduction Tom Bella

Orthogonal Polynomials Related to Structured Matrices

Moment Matrices

» Both of these classes of matrices are related to orthogonal polynomials.

" For a given inner product, the moment matrix is

(L1 (La) (L2 ... (12" |

(x, 1) A{x,z) (1,2%) ... (z,2")

M = [(zF 2] = | (=% 1) (%) (2%,2%) ... (2°2")
] (z™, 1) (2™, z) (2™, 2%) ... (2" 2" ]

" For an inner product defined by integration on the real line,

(p(az),q(:v)>:/ p(z)q(2)w?(x)dw, = (azk,xj>:/ x(k+j)w2(x)dx,

and M is Hankel.

% Hankel matrices are related to real—orthogonal polynomials.
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Introduction Tom Bella

Orthogonal Polynomials Related to Structured Matrices

Moment Matrices

» Both of these classes of matrices are related to orthogonal polynomials.

" For a given inner product, the moment matrix is

(L1 (La) (L2 ... (12" |

(x, 1) A{x,z) (1,2%) ... (z,2")

M = [(zF 2] = | (=% 1) (%) (2%,2%) ... (2°2")
] (z™, 1) (2™, z) (2™, 2%) ... (2" 2" ]

" For an inner product defined by integration on the unit circle,

p(z), 4(x)) = / " () - q@uR(0)d8 = (at,aT) = / " o (6)do,

-7 —T
and M is Toeplitz.

w Toeplitz matrices are related to Szego polynomials.
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Introduction

Tom Bella

Orthogonal Polynomials Related to Structured Matrices

Recurrent Matrices

m Tridiagonal matrices. Defined by O (n) parameters.

01 72 0

Yo 02 Y3

'=10 ~5 &
| 0 0 v

% Unitary Hessenberg matrices. Defined by (’)(n) parameters.

—p1po”
M1

—p2i1P0”

—p2p1”

Hn—1

—Pnfbn—1---}11P0"
—Pnfn—1--- 201"

—Pnfbn—1Pn—2"
'_pnpn—l*
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Introduction

Tom Bella

Orthogonal Polynomials Related to Structured Matrices

Recurrent Matrices

» Both of these classes of matrices are related to orthogonal polynomials.

™ The system of polynomials defined by 1 (:C) = det(:cl — T)(kxk) where

) 01 V2

V2 0o

I'=10 3
i 0

are real—-orthogonal polynomials.

0
3

Tn

0
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Introduction Tom Bella

Orthogonal Polynomials Related to Structured Matrices
Recurrent Matrices
» Both of these classes of matrices are related to orthogonal polynomials.

m The system of polynomials defined by ry (z) = det(x! — U) k) where

—01,00* —p2M1po* T —,On/ﬁn—l---ulpo*
231 —p2p1” C = Pnflp1e 2P’
[ — . _ .
—Pnfn—1Pn—2"
i 0 e Hn—1 _pnpn—l* |

are Szego0 polynomials.
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Introduction

Tom Bella

Generalizations of these Structures

Matrix class

Generalized class

Hankel matrices

Toeplitz matrices

matrices with displacement structure

tridiagonal matrices

unitary Hessenberg matrices

27?7277 ?7?27??7?27?7?7?7?7
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Introduction

Tom Bella

Generalizations of these Structures

Matrix class

Generalized class

Hankel matrices

Toeplitz matrices

matrices with displacement structure

tridiagonal matrices

unitary Hessenberg matrices

quasiseparable matrices
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Introduction Tom Bella

Quasiseparable Matrices

w Definition. A matrix C' is (H, m)-quasiseparable if it is strongly upper Hessenberg
(nonzero subdiagonals, zeros below that) and

max RankC'is = m
where the maxima are taken over all symmetric partitions of the form

* ‘012

i

O —

= Previous work. Chandrasekaran, Eidelman, Fasino, Gemignani, Gohberg, Gu, Kailath,
Koltracht, Mastronardi, Olshevsky, Van Barel, Vandebril...

» A system of polynomials related to an (H , m)—quasiseparable matrix C' as character-
istic polynomials of principal submatrices of C, i.e.

Tk;(.flﬁ) = det(a:] — Ckxk)

will be called ( H, m)-quasiseparable polynomials.

Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 7



Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Tridiagonal

d g 0 0 0
@1 o g2 0 0
C=|0 ¢ d g5 0
0 0 ¢ di ga
0 0 0 q ds

m The system of polynomials 7 (x) = det(x/ — C}x;) associated with C' are real
orthogonal polynomials with recurrence relations

1 _
ro(z) = i(g;—czk)m_l(:c) _ gzkl

ri_o(T)

w The matrix C'is (H, 1)-quasiseparable.
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Tridiagonal
[ d, 0 0 0
@ g 0 0
C=10|¢qg d; g5 O
010 g3 di ga
00 0 g O |
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Tridiagonal
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Tridiagonal
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Tridiagonal

Z g 0 00
i do g2 010
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg
—PoP1  —PoMiP2  —PoMif2p3  —PolifefizPs — Pyl 23 aPs

M1 —pP1P2 —pP1H2pP3 — P12 i3 4 — P12 i3 fha 5
C = 0 12 — P33 —P313P4 — P33 a5

0 0 3 — P34 —P3/4apP5

0 y 0 L4 —P1P5 ]

m The system of polynomials 7 () = det(x/ — Cl« ) associated with C' are the Szego
polynomials with recurrence relations

IR T R S
pe | —pr 1

w The matrix C'is (H, 1)-quasiseparable.

ri(z) xr_1(T)

Gk;_l(:z;) ]
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg
— ol | —PoMipP2 —PolH2p3  —Polifefispa Pk R i3 faps

fh —p1P2 —p1l2P3 —P1 M3 P4 — 123445
¢ = 0 e —p5P3 —P5H3P4 —P5H3 /a5

0 0 143 — 3P4 — P34 P5

0 0 0 fa —pips
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg
= ol PP | —PoMH2p3  —Polifefiape —PoH H2fi3iaps

f1 —P1P2 —p1l2P3 — 12434 — 1243445
C = 0 o —p5P3 —P314304 — P33 145

0 0 143 — 3P4 — P34 P5

i 0 0 0 4 —PaPs 1
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg
=P —Polip2 | —Pott2ps  —Polipefispe — P B2 iaps

f1 —p1P2 — 1203 — P} 2434 — P12 34405
C = 0 12 —P303 — P33P — P53 3145

0 0 13 — P54 — P34 P5

0 0 0 fa —P1P5 ]
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg
—poP1 —PoMiP2  —PoHit2P3 | —PoMafapaps  —PoMa M2/ aPs

M1 —pP1P2 —pP1H2p03 — P12 i34 — P12 i3[4405
C = 0 142 —P5P3 —P5143P4 — P53 a5

0 0 143 — 3P4 — P34 P5

i 0 0 0 4 —PaPs 1
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Introduction Tom Bella

Important Special Cases of Quasiseparable Matrices

Unitary Hessenberg

—PoP1 —PoMP2  —PoHiM2ps  —PoMif2isPs | =Pkl HafiaiaPs
H1 —pP1p2 —pP1H2p3 — P12 1304 — P12 i3 45
C = 0 142 —P5P3 —P5H13P4 — P53 a5
0 143 — 3P4 —P3/44P5
I 0 fa —P1Ps ]
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Introduction Tom Bella

The Difference Between These Motivating Examples

% Unitary Hessenberg matrices.

 —p0PL —PoHap2  —PMeps  —pPhifiafiaps
fh1 —p1P2 —pP1l2p3 — P12 i3 P4
0 1o —pP5P3 — P23 P4
i 0 0 13 — P304

» Tridiagonal matrices.

di g¢ 0 0 O
@1 o g2 0 0
C=10 ¢ dy g3 O
0 0 g3 di ga
0 0 0 q4 d
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Introduction Tom Bella

The Difference Between These Motivating Examples

% Unitary Hessenberg matrices.

—Pol1P2  —Polit2pP3  —Pol1 2304
—pPilk2P3 — P71 2304
— P2tz P4
= Tridiagonal matrices.
d, g, 0 0 0
¢ g 0 0
= 0 @ g3 0
0 0 g 94
0 0 0 ¢ ]
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Introduction Tom Bella

The Difference Between These Motivating Examples

% Unitary Hessenberg matrices. strictly upper triangular part is part of a low rank matrix.

—/0§P1 —Pol1P2  —Polit2pP3  —Poli 2304

%Lm —P;f,02 —pPilk2P3 — P71 2304

Pl e —P3P3 — P33P
1l —8e —p3ps |

" Tridiagonal matrices.

d g 0 0 0
¢ g 0 0
¢ = 0 ¢ g3 0
0 0 g3 94
000 0 g d |
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Introduction Tom Bella

The Difference Between These Motivating Examples

% Unitary Hessenberg matrices. strictly upper triangular part is part of a low rank matrix.

—/0§P1 —Pol1P2  —Polit2pP3  —Poli 2304

%}Epl —P;f,02 —pPilk2P3 — P71 2304

Pl e —P3P3 — P33P
1l —8e —p3ps |

= Tridiagonal matrices. strictly upper triangular part is NOT part of a low rank matrix.

[ g, 0 0 0
g 0 0
C = g3 O
g4
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Introduction Tom Bella

Semiseparable matrices

> Definition. A matrix R is called (7, 7y )—semiseparable if for some 7, 7y we have
R =D +tril(Ry) + triu( Ry),
where rank R, = 1y, rank Ry = ryy,  with some Ry, Ry.

mw Example. (1, 1)-semiseparable:

[ a1by aiby arbs aiby | [ ady ady cds cidy ]
CLle a2b2 CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
Clgbl CL3b2 CL3b3 CL3b4 C3d1 C3d2 ngg ng4
| agbr agby agbs  asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
CLle dg Cng 62d4

asby asby ds c3dy

i asby  agby asbs  dy
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Semiseparable matrices

> Definition. A matrix R is called (7, 7y )—semiseparable if for some 7, 7y we have
R =D +tril(Ry) + triu( Ry),
where rank R, = 1y, rank Ry = ryy,  with some Ry, Ry.

mw Example. (1, 1)-semiseparable:

[ a1by aiby arbs aiby | [ cdy ady eds cidy |
CLle a2b2 CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
agbl CL3b2 CL3b3 CL3b4 C3d1 ngg ngg ng4
| aaby asby  agbs  asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
Clzbl dg Cng CQCZ4

asby asby ds cs3dy

i asby  asby asbs  dy
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Introduction Tom Bella

Semiseparable matrices

> Definition. A matrix R is called (7, 7y )—semiseparable if for some 7, 7y we have
R =D +tril(Ry) + triu( Ry),
where rank R, = 1y, rank Ry = ryy,  with some Ry, Ry.

mw Example. (1, 1)-semiseparable:

[ a1by aiby arbs aiby | [ cdy cdy eds edy |
CLle a2b2 CLng CLQb4 Cle ngg ngg ng4
RL — ) RU —
agbl a3b2 CL3b3 CL3b4 C3d1 ngg ngg ng4
| aaby  aaby asbs asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
CLle dg ngg ng4

CL3b1 CL3b2 dg ng4

i asby  asby asbs  dy
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Introduction Tom Bella

Semiseparable matrices

> Definition. A matrix R is called (7, 7y )—semiseparable if for some 7, 7y we have
R =D +tril(Ry) + triu( Ry),
where rank R, = 1y, rank Ry = ryy,  with some Ry, Ry.

mw Example. (1, 1)-semiseparable:

[ aiby arby arbs aiby | [ ady ads c1dz  Cpdy |
CLle a2b2 CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
agbl CL3b2 CL3b3 CL3b4 C3d1 ngg ngg 63d4
| asby  asbs  asbs asby | | cudy cydy cyds cqdy

dl Cldg Cldg Cld4
CLle dg Cng ng4

asby asby ds  c3zdy

i asby  agby asbs  dy
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Introduction

Tom Bella

Quasiseparable, Semiseparable, and Subclasses

-~

Quasiseparable matrices

Irreducible

09

Gridiagonal matri

~

@emiseparable matricQ

Unitary
\Hessenberg matri
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Introduction Tom Bella

Generator Representation of an ( H, 1)-Quasiseparable Matrix

—PoP1 —PoMP2  —PoHIMePs  —PoMH2psPs —Pol s haps
fa —p1P2 —P1H2p3 — P H2 /3P4 — Pl Ha 3 a5
0 42 —P3P3 — P33 4 — P33 haPs
0 0 13 — P54 —P3Hap5
0 0 0 fha —P4Ps ]
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Introduction

Tom Bella

Generator Representation of an ( H, 1)-Quasiseparable Matrix

—PoP1 —PokapP2 —PoH1 23
{1 —pP1P2 —P1H2pP3
0 L2 — 303

0 0 M3
0 0 0
i gihy gibohy

P2qi ds g2hs

0 P3q2 d3

0 0 Paqs3

0 0 0

4

—Pok1 24304
— P71 H2/4304
—Pa/13p4
— 3P4
4

—Pol 2tz Laps
— P b2 l3 s
— P2 /431445
—P314Ps
—PaPs

g102b3hy

g1020304 15

G203y
g3hy

g2b3b4hs
g3bahs
gahs

" This generator representation exists for any (H : 1)—quasiseparable matrix.
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Tom Bella

Classification of (H, 1)-quasiseparable matrices in terms of
recurrence relations

Joint work with Yuli Eidelman, Israel Gohberg, and Vadim Olshevsky
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

r(z) = det(z] — A)xk)
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations

r(z) =x-re_1(x)
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations

r(x) =2x -1 _1(x) — r_o(T)
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations

r () = (px — 0)Tk_1(x) — Wrk_2(x)
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szeg0o polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations (2-term)
Gr+1(2) 1 1 —Pr+1 Gr(z)

Tit1(7) Hk+1 [ —Pr+1 1 X1y ()
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations (3-term)

r(z) = <ix+ ﬂi) P 1(z) — ( A x) re_a(z)

Mk Pk—1 Mk Pk—1 Mk
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Efficient Recurrence Relations for Quasiseparable Polynomials

Matrices A Polynomials 7 ()

Lower shift matrix Monomials

Tridiagonal matrix Chebyshev polynomials
Tridiagonal matrix Real—-orthogonal polynomials
Unitary Hessenberg matrix | Szego polynomials
Quasiseparable matrix Quasiseparable polynomials

Recurrence relations
PPPPPPPVPPPPPPPPPPPPPPPY
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Three-term Recurrence Relations.

Consider the class of polynomials satisfying more general three—term recurrence relations
of the form

re(x) = (apxr — 0p)re—1(x) — ( Be v+ Y )Th_2(x)

% Real-orthogonal polynomials: 5, = 0
re(x) = (o — 0p)rp—1(x) — Vi T—2()

m» Szegd polynomials (orthogonal on the unit circle): v, = 0

1 1 _
ri(zr) = (—x+ Pk —) re_1(x) — Pr_Hk-1 x| TR_2(x)
225 Pk—1 Uk Pk—1 Mk
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Three-term Recurrence Relations.

Consider the class of polynomials satisfying more general three—term recurrence relations

of the form

ri(x) = (apx — 0p)re—1(x) — (| Br lr + 7% )re_2(x)

% Real-orthogonal polynomials: | 5. | = 0

re(r) = (apw — O)Tr—1(x) — [ Vi Jrr—2()

™ Szegd polynomials (orthogonal on the unit circle): | v | = 0

1 1 _
ri(zr) = (—x—l— Pk —) re_1(x) — Pk Hk-1 x| TR_2(x)
225 Pk—1 Uk Pk—1 Mk
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Recurrence relation classification of (H, 1)—quasiseparable matrices

Tom Bella

The Corresponding Matrix Class: Well-Free Matrices.

Well

!

something
nonzero
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Well-Free Matrices & 3-term Recurrence Relations

equiv?lence re(r) = (arr — op)re—1 ()
—(Bk + Vi) Tr—2(T)
Well-free 3-term
(H, 1)—quasiseparable matrix recurrence relations
{Pks Qs dic, Gy by Pt} conv;j*sions {o, By Vs O }
hy, # 0
Quasiseparable generators Recurrence relation coefficients

Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 18



Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Subclasses of ( H, 1)-Quasiseparable Matrices

Corresponding recurrence relations

Unitary

Tridiagonal matrices Hessenberg matrices
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella
Subclasses of (H, 1)-Quasiseparable Matrices
Corresponding recurrence relations

ﬂNeII-free matrices \
3-term r.r.
.- : Unitar
Cldlagonal matrices Hessenberg ¥natricey
Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 19



Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Szego-type Two-term Recurrence Relations

w Szeg0O polynomials satisfy two—term recurrence relations of the form

Gri1(z) 1 1 —Pk41 Gr(z)

ri1() Mkl | —pPrr1 1 xry ()

 |s there a class of polynomials larger than Szeg6 that satisfy two—term recurrence rela-
tions of the form

Grt1(x) ap O Gr(r)
ric1(2) Ve o1 (Orr + Op )ric ()
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Semiseparable Matrices & Szego-type 2-term Recurrence Relations

(H, 1)-semiseparable matrix

{p/m dr, dk:a 9k, bk7 hk}
by # 0

Quasiseparable generators

=3
equivalence

&
conversions

ri ()

o B Gr-1
I Vi 1 (5k$ + Hk)rk_l

[ Gy(2) ] _

Szeg0-type recurrence relations

{&ka ﬁk) Vs 61{:7 Qk}

Recurrence relation coefficients

Structured Linear Algebra Problems, Cortona, Italy, 2008
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Subclasses of (H, 1)-Quasiseparable Matrices

Corresponding recurrence relations

K(H : 1)—Semiseparabh
Szego-type 2-term r.r.

Well-free matrices
3-termr.r.

Unitary
Hessenberg matrices

\ )

Tridiagonal matrices

Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 22



Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Quasiseparable Matrices & [EGO05]-type 2-term Recurrence Relations

A Complete Characterization of (H, 1)—Quasiseparable Matrices

(H, 1)—quasiseparable matrix

{pk, qx, di, gk, br, hk}

Quasiseparable generators

&
equivalence

&
conversions

| Gi() ] _
: ()

Qg B Gr-1(z)
| Yk 5k;55'+(9k 'rk_l(x)

[EGOO05]-type recurrence relations

{aka 61@7 Yk 51437 ek}

Recurrence relation coefficients
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Full Characterization of ( H, 1)-Quasiseparable Matrices

Corresponding recurrence relations

( Strongly (H, 1)-Quasiseparable matrices \
2—-term [EGOO05]-type r.r.

/(H : 1)—Semisepara®

Szego-type 2-term r.r.

Well-free matrices
3—-term r.r.

Unitary
Hessenberg matrices

_ )

Tridiagonal matrices
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Full Characterization of ( H, 1)-Quasiseparable Matrices

Corresponding digital filter structures

( Strongly (H, 1)-Quasiseparable matrices \

quasiseparable filter structure

/(H : 1)—Semisepara®

semiseparable filters

Well-free matrices
well-free filters

Unitary
Tridiagonal matrices Hessenberg matrices
lattice filters

_ )
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Semiseparable filter structures

m Theorem. Matrix A is (H, 1)-semiseparable if and only if the polynomials
re() = det(x] — A)gxp)

admit the following lattice-like realization

Go (1 G3
@ —@ o—
V1 1 1
P2q1 P4q3
—g2 —3g4
hi
b
gi1hi 1 g2ho
by d I S A d _1
P241 p4aqgs3
T0 1 T3
R Py Ps
>
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Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Quasiseparable filter structures

> Theorem. Matrix A is (H, 1)—quasiseparable if and only if the polynomials
re() = det(x] — A)gxp)

admit the following lattice-like realization
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Recurrence relation classification of (H, 1)—quasiseparable matrices

Tom Bella

Signal flow graph for real orthogonal polynomials

using quasiseparable filter structure

Fo
- >
- >
To
[ giha  gibshs  gibobshy  gibobsbshs |
P21 g2h3 g2b3hy g2b3b4hs
P3G2 g3hy g3bahs
P4q3 gahs
| P544 |
Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 28



Recurrence relation classification of (H, 1)—quasiseparable matrices Tom Bella

Signal flow graph for real orthogonal polynomials
using quasiseparable filter structure

gihs
p2qi g2hs
P3G2 gshy
P4qs3 gahs
P544
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Tom Bella

Recurrence relation classification of ( H, m )-quasiseparable matrices
Joint work with Vadim Olshevsky and Pavel Zhlobich
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth m matrix

M nonzero superdiagonals

~

* % *
* k% *
* A %
( =
N *

mw The system of polynomials 7 (z) = det(x] — C}«,) associated with C' satisfy the
(m + 2)—term recurrence relations

re(x) = (appx—ap_14)7k—1(2) — ap_osTr—2() — - — Q1 kTh—m—1(T)

\ 7
Ve

the formula for r, involves the previous m + 1 polynomials
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

S X o X X O
X X X O O
*oox X O O O

O O O O * F
O O O * ok F
O O * A A F
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

[ <% * 0 0 0
x|~ * « 0 0
O - 0|~ % 0
00 % » % *
0[]0 0 % * =
010 0 0 % *
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

S X o O X O
o X X | © O
* X X OO O

S O O O x ot
S O O X |+
S O X | b
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

[« x [0 0 0
* + «|x 0 0
O — 0 « ~|x = 0
0 0 x|+ x *
0 0 0]+ » =
0 0 0(0 % *
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

S X | X X X O
* o [ X X O O
oo 1 O O O

S OO O x f
S OO X o >t
S O X Xt X
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A Special Case: upper bandwidth 2 matrix

o« x+ 0 00
* « % « 010
O — 0 «  x %[0
0 0  * *|*
0 0 0  * |«
0 0 0 0 |~ |
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Recurrence relation classification of (H, m )—quasiseparable matrices

Tom Bella

A generator representation for (H : m)—quasiseparable polynomials.

dy
P2q1
0
0
0

grhso
da

P3q2
0
0

g1b2h3
g2hs
d3

P44qs3
0

g1b2bzhy
gabshy
g3ha
dy

Ps44

g102b3b4 R
g2b3b4his
g3byhis

gahs
ds
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Recurrence relation classification of (H, m )—quasiseparable matrices

Tom Bella

A generator representation for (H : m)—quasiseparable polynomials.

di giha  gibahg
P2q1 da g2hs
0 p3ge d3
y 0 Paqs
I 0 0 0

g1b2bzhy g1b20304 15
gabshy g2b3bshs
g3ha g3bshs
dy Galvs
D544 ds ]

(H, 1)—quasiseparable generators are scalars

(H, m)-quasiseparable generators are matrices

g1><b2><b3><h4

91 X b2 X bg X h4
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

What recurrence relations are satisfied by
(H, m)-quasiseparable polynomials?

% The recurrence relations satisfied by (H : 1)—quasiseparable polynomials are

Fi(z) Qv B, Fi—1(x)
ri(T) Vi Opx + 0 ri_1(T)

% The recurrence relations satisfied by (H, m)—quasiseparable polynomials are

re(z) T 0kt + 0 | | me1(x) _
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Recurrence relation classification of (H, m )—quasiseparable matrices

Tom Bella

% The recurrence relations satisfied by (H : 1)—semiseparable polynomials are

% The recurrence relations satisfied by (H, m)—semiseparable polynomials are

What recurrence relations are satisfied by
(H, m)-semiseparable polynomials?

ri(T)

873 ﬁk

Vi

1

Bk

Gk_l(ib')
<5k$ -+ (9k>rk_1(l’)

Gk_1<ZE>

Vi

| 0k + Op)r—1 () _
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

A generalization of well-free structure?

m Recall that a matrix is (H, 1)-well—free if it contains no “wells” of the form

Well

!

0

something
nonzero

> \What is the order m version of this structure?

Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 34



Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)—well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)-well-free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

i Example. m = 3.

* Kk K* Kk K *
*‘012 * ok ok KX K X

C = , Cp =
*‘ * * K* ok Kk K X
* kX K* Kk K *
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)-well-free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

u» Example. m = 3. rank 7y
1 e
* ‘ C'io * Kk Kk KX K %
C = , Cp =
* ‘ * * KX K* *x *x *
kK ok Kk Kk K

Structured Linear Algebra Problems, Cortona, Italy, 2008 Page 35



Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)—well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

u» Example. m = 3. rank 7y
[ % % *.* x|
*‘Cm S *.* *
C = , Cp =
*‘ * * *.* *
| x % *.* x|

\

"~

also rank 74
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)-well-free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

s Example. m = 3. rank 73
B e
*‘012 * Kk Kk KX K X
C = , Cp =
*‘ * * *x * Kk x *
| x k ok Kk Kk K
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)—well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

s Example. m = 3. rank 73
xRk . * |
* ‘ C'io S . *
C = , Cp =
* ‘ * * Kk Kk X . *
| x ok x K . *
also rank 79
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)-well-free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

> Example. m = 3. rank 773
e s
* ‘ C'io * Kk Kk KX K X
C = , Cp =
* ‘ * * *x Kk Kk K *
| x k ok Kk Kk K
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

m Definition. A matrix is (H, m)—well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

> Example. m = 3. rank 7’3
[ x % [FRREE *._
*‘Cm S *.
C = , Cp =
*‘ * S *.
| x k Kk K *._

\

"

also rank 3
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

w Definition. A matrix is (H, m)-well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

i Example. m = 3.

X x Kk Kk kx|
* ‘ C'io * Kk Kk Kk Kk K
C = , Cla =
* ‘ * * Kk K K K *
|k ok ok x k K
w Example. m = 1. (i.e., (H, 1)-well-free)
0 x Kk Kk Kk x|
‘ Ca 0 * * * *x %
C' = ., Cla =
* ‘ * 0 * % * * %
0 * * x x x|
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

w Definition. A matrix is (H, m)-well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

i Example. m = 3.

X x Kk Kk kx|
*‘012 * Kk Kk Kk Kk K

C = , Cla =
*‘ * * Kk K K K *
|k ok ok x k K

w Example. m = 1. (i.e., (H, 1)-well-free)
_O.* x K+ x|
‘012 O.* *x Kk %

C = ., Cla =
*‘ * ().* * K %
_().* * Kk k|
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

w Definition. A matrix is (H, m)-well—free if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

i Example. m = 3.

X x Kk Kk kx|
*‘012 * Kk Kk Kk Kk K

C = , Cla =
*‘ * * Kk K K K *
|k ok ok x k K

w Example. m = 1. (i.e., (H, 1)-well-free)
_O.* x K, x|
‘012 O.* R G ¢

C = ., Cla =
*‘ * ().* * K ok
_().* * K k|
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Recurrence relation classification of ( H, m)—quasiseparable matrices Tom Bella

(H, m)-well-free matrices

- Definition. A matrix is (H, m)-wellfree if adding the next column to any m consecu-
tive columns of C';5 does not increase the rank.

i Example. m = 3.

2

b

|
P S D, S
* X X oF
* % X F
P D D D
P S D S
P S S, S
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Recurrence relation classification of (H, m)—quasiseparable matrices Tom Bella

What recurrence relations are satisfied by
(H, m)-well-free polynomials?

"» The recurrence relations satisfied by (H : 1)—we||—free polynomials are

re() = (apz — 0x) - re—1(2) — (Bkx + ) - Th—2(2)

A\ 7

depends on the previous two polynomials

% The recurrence relations satisfied by (H : m)—well—free polynomials are

Tk(ﬂf) = <5k,kx + €k7k)7"k_1(33) + (&c—l,km + 6k—1,k>rk—2($) + . J

N\

Ve

depends on the previous m + 1 polynomials
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Recurrence relation classification of (H, m )—quasiseparable matrices

Tom Bella

Full Characterization of ( H, m )-quasiseparable matrices

Corresponding recurrence relations

s

\_

(H, m)-Quasiseparable matrices
2-term [EGOO05]-like r.r.
(involving m auxiliary systems)

(H, m)-SemiseparaI@
Szego-type 2-term r.r.
(involving m auxiliary systems)

(H, m)-Well-free
(m + 1)-term r.r.

\

~

/

~
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Tom Bella

Classifications of quasiseparable matrices
In terms of recurrence relations

Tom Bella
Department of Mathematics

University of Rhode Island

Joint work with Yuli Eidelman, Israel Gohberg,
Vadim Olshevsky, & Pavel Zhlobich
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